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Abstract
This work addresses properties of two-component lipid membranes on the experimentally
relevant spatial scales of order of a micrometer and time intervals of order of a second
by means of lattice-based Monte Carlo (MC) simulations. To be able to do that with
reasonable computational efforts the lipid membrane is modeled as a square lattice of
lipid molecules with next-neighbor interaction. This allows for efficient computation and
thus provides a large-scale simulation with which it was possible to obtain important
results previously not reported in simulation studies of lipid membranes. After properly
tuning the next-neighbor interaction energies the simulation reproduces the experimental
phase diagram of the DMPC/DSPC lipid system which is used as a model system in this
work. Beyond that, the MC simulation provides a more detailed description of the phase
behavior of the lipid mixture than the experimental data. It is found that, within a
certain range of lipid compositions, the phase transition from the fluid phase to the
fluid–gel phase coexistence proceeds via near-critical fluctuations, while for other lipid
compositions this phase transition has a quasi-abrupt character. The complete combined
state and component phase diagram is constructed by structure function analysis which
confirms the existence of a critical point in the system.
The dynamics of membrane coarsening after an abrupt temperature quench to the
fluid–gel coexistence region of the phase diagram are studied. In this context, it is found
that lateral diffusion of lipids plays an important role in the fluid–gel phase separation
process. Dynamic scaling is observed only if the ratio of gel and fluid phase in the
membrane stays constant in time.
The line tension characterizing lipid domains in the fluid–gel coexistence region is
found to be in the pN range thus matching values both predicted theoretically and mea-
sured experimentally. When approaching the critical point, the line tension, the inverse
correlation length of fluid–gel spatial fluctuations, and the corresponding inverse order
parameter susceptibility of the membrane vanish in agreement with recent experimental
findings for model lipid membranes.
By simulating single particle tracking and fluorescence correlation spectroscopy exper-
iments it is found that in the presence of near-critical fluctuations lipid molecules show
transient subdiffusive behavior, which is a new result important for understanding the
origins of subdiffusion in cell membranes which are believed to be close to a critical point.
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The membrane–cytoskeleton interaction strongly affects phase separation, enhances sub-
diffusion, and eventually leads to hop diffusion of lipids. Thus, a minimum realistic
model for membrane rafts showing the features of both microscopic phase separation
and subdiffusion is established.
viii
Kurzdarstellung
In der vorliegenden Arbeit werden Eigenschaften von zweikomponentigen Lipidmembra-
nen auf experimentell relevanten Größenskalen O (1µm) und Zeitintervallen O (1s) mit-
hilfe einer Monte-Carlo(MC)-Simulation untersucht. Die Lipidmembran wird als Qua-
dratgitter von Lipidmolekülen mit nächster-Nachbar-Wechselwirkung modelliert. Dies
ermöglicht eine effiziente Berechnung und garantiert somit die angestrebten Größen-
und Zeitskalen. Die MC-Simulation liefert wichtige Ergebnisse, welche bisher nicht in
Simulationsstudien von Lipidmembranen veröffentlicht wurden. Für korrekt angepasste
nächste-Nachbar-Wechselwirkungsenergien reproduziert die Simulation das experimentell
gemessene Phasendiagramm der Lipidmischung DMPC/DSPC, welche in dieser Arbeit
als Modellsystem genutzt wird. Darüber hinaus liefert die MC-Simulation eine detail-
liertere Beschreibung des Phasenverhaltens des Lipidsystems, als man sie von experi-
mentellen Daten erhalten kann. Es wird gezeigt, dass für einen bestimmten Bereich von
Lipidmischungsverhältnissen der Phasenübergang aus der flüssigen Phase in den flüssig–
gel Koexistenzbereich via nah-kritischen Fluktuationen verläuft, während er für andere
Mischungsverhältnisse einen quasi-abrupten Charakter hat. Das vollständige Phasendia-
gramm wird mithilfe der Analyse von Strukturfunktionen konstruiert, was die Existenz
eines kritischen Punktes des Systems bestätigt.
Es wird die Dynamik der Reifung von Domänen untersucht, die entsteht, wenn die
Membran durch eine abrupte Temperatursenkung in den Koexistenzbereich des Phasen-
diagramms gebracht wird. In diesem Zusammenhang zeigt sich, dass die laterale Diffu-
sion von Lipidmolekülen eine wichtige Rolle im Prozess der flüssig–gel-Phasenseparation
spielt. Dynamische Skalierung findet nur statt, wenn das gel–flüssig Verhältnis in der
Membran zeitlich konstant ist.
Die Linienspannung von Domänen im flüssig–gel Koexistenzbereich liegt im pN Be-
reich, was in Übereinstimung sowohl mit theoretisch vorausgesagten als auch experimen-
tell gemessenen Werten ist. Wenn die Membran dem kritischen Punkt angenähert wird,
gehen die Linienspannung, die inverse Korrelationslänge der lateralen flüssig–gel Fluk-
tuationen sowie die damit verbundene inverse Ordnungsparameter-Suszeptibilität gegen
Null, was ebenfalls in Übereinstimmung mit veröffentlichten Ergebnissen experimenteller
Studien von Modell-Lipidmembranen ist.
Die Simulation von Einzelmolekültracking- sowie Fluoreszenzkorrelationsspektrosko-
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pie-Experimenten zeigt, dass Lipidmoleküle vorübergehend anomales Diffusionsverhal-
ten aufweisen, wenn die Membran im Zustand kritischer Fluktuationen ist. Dieses neue
Ergebnis kann für das Verständnis der anomalen Diffusion in Zellmembranen von großer
Bedeutung sein, da von diesen angenommen wird, dass sie sich nahe eines kritischen
Punktes befinden. Die Wechselwirkung der Membran mit dem Zytoskelett führt zu einer
Verstärkung des anomalen Diffusionscharakters und schließlich zur Hop-Diffusion von
Lipiden. Es wird somit ein Minimalmodell für lipid rafts begründet, welches sowohl die
Eigenschaft der mikroskopischen Phasendeparation als auch der Subdiffusion aufweist.
x
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Introduction
The lipid membrane is a very important component of every cell. It defines the boundaries
of the cell and the cell organelles, thus provides barriers of the compartments to their
environment. The compartmentalization of the cell is one of the key requirements for its
high functionality. The membrane, however, does not merely act as a passive selectively
permeable barrier, it provides further functionality as many key processes in the cell
take place at or across the cell plasma membrane. Consequently, the lipid membrane
is in focus of numerous studies ranging from purely theoretical to simulation-based to
experimental works.
The cell membrane has a complex structure – it is a system comprised of lipids, polysac-
charides, and proteins, all strongly interacting with each other. These lipid–lipid and
lipid–protein interactions induce lateral microheterogeneity in the cell membrane, which
is believed to be crucial in providing its high functionality [1].
The notion of the lateral organization of the membrane in terms of microheterogeneity
to provide a higher functionality for signal transduction was originally formulated by
Simons and Ikonen [2] in the concept of the so-called “lipid rafts”. In the original hy-
pothesis, lipid rafts were described as dynamic clustering of sphingolipids and cholesterol,
which would form moving platforms in the cell membrane to which certain proteins would
attach [2]. The raft hypothesis remains a popular concept although, or rather because,
since its original formulation it has been much generalized [3]. At present, the under-
standing is that the interaction of lipids with membrane proteins and the cytoskeleton,
as well as effects of local curvature, play an important role in organization of the lat-
eral microheterogeneity of the cell membrane [4–7]. Consequently, the term “membrane
rafts” appears to be more appropriate [8].
The general concept of membrane rafts implies a dynamic interplay between the mem-
brane local composition and phase, as well as local membrane–protein interactions, which
can result in local lipid demixing and phase separation [8]. This view is supported by
recent experimental evidence demonstrating that local lipid demixing and phase sepa-
ration can be induced by crosslinking [9], change in the local membrane curvature [6],
and interaction with a cytoskeleton [5]. Additionally, the presence of the membrane-
associated actin network leads to a shift in the membrane phase transition temperature
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and, potentially, to broadening of the phase transition [5].
In spite of the importance of lipid–protein interactions, the behavior of the lipid com-
ponent of the cell membrane is still believed to govern its properties to a large extent.
In agreement with that, it was found that studies of model membrane systems – both in
vitro [10] and in silico, i.e., via numerical simulations [11–14] – give valuable information
on the lateral organization and dynamics of lipid molecules, which provides a deeper
insight into the structure and function of cell plasma membranes.
The functionality of the cell membrane is governed to a large extent by diffusion. When
studying diffusion of lipids and proteins in cell membranes, often deviations from normal
diffusion are observed. This is an intriguing phenomenon whose molecular origins are
still a subject of debate [15–17]. It should, from the general viewpoint, be related to
the complex, non-homogeneous structure of the membrane, and several hypotheses have
been put forward that attempt to explain why deviations from normal diffusion take
place in the cell membrane.
As mentioned above, the raft hypothesis states that the cell membrane is fragmented
in sub-resolution membrane domains with different viscosity and protein content. This
might lead to diffusion in domains with two or more different diffusion coefficients.
According to the picket fence hypothesis [18], on the other hand, deviation from nor-
mal diffusion is due to the interaction of the membrane with the cytoskeleton. The
cytoskeleton of the cell forms a three-dimensional network of filamentous structures that
stabilizes the cell shape and internal architecture and provides a railway system for cargo
being transported by motor proteins that walk along the filaments. It is attached to the
cell membrane by transmembrane proteins and can thus be expected to influence the
membrane organization, as discussed above. The picket fence hypothesis states that
transmembrane proteins would undergo the so-called hop diffusion due to the interac-
tion with the cytoskeleton. Furthermore, it is argued that also lipid diffusion might be
affected by the “picket fence” that is established by the transmembrane anchor proteins
which couple the cytoskeleton to the membrane.
While it is important to study these phenomena by carrying out measurements on cell
lipid membranes, a more fundamental understanding of their molecular origins might be
gained by studies of model systems with a reduced complexity that would provide a clear
physical picture.
Therefore, the goals of the present work are as follows. The phase behavior of two-
component lipid membranes should be investigated by numerical simulations in order
to study its fundamental properties which cannot be addressed in full detail by current
experimental methods. This includes the dynamics of the phase separation process and
equilibrium properties of the membrane depending on its lipid composition and temper-
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ature. The work aims to understand how the phase behavior can influence the character
of diffusion of lipid molecules. It shall be tested whether all these issues can be ad-
dressed in a reasonably simple, but still realistic enough, numerical simulation on the
experimentally relevant spatial scales of order of a micrometer and time scales of order
of a second.
To achieve these goals, a lattice-based Monte Carlo simulation approach was developed
that provides an adequate description of the membrane phase behavior and membrane dy-
namics at these scales with reasonable computational efforts. The DMPC/DSPC (1,2-di-
myristoyl-sn-glycero-3-phosphocholine/1,2-distearoyl-sn-glycero-3-phosphocholine) lipid
mixture was chosen as a generic model of a two-component membrane, motivated by the
fact that a number of studies have investigated its phase diagram both in vitro [19–27]
and in silico [25–27]. Therefore, the choice of the well-studied DMPC/DSPC lipid system
allowed for a direct comparison of the results of the presented numerical simulations with
experimental data, as well as with results obtained in simulation studies of the same lipid
system carried out by other groups.
15
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2
Fundamentals
2.1. Lipids and model lipid membranes
Lipids are amphiphilic molecules. Due to their polar headgroup and non-polar hydro-
carbon chains (figure 2.1 (a, b)), in aqueous environment they self assemble in order to
shield the hydrophobic chains from the water molecules. Depending on the geometrical
shape of the single lipids, this can result in various types of lipid assemblies, for example,
vesicular structures of bilayers of lipid molecules as depicted in figure 2.1 (c). There are
various procedures to prepare such model membranes, in different shapes and sizes. Mul-
tilamellar vesicles (MLVs), as depicted schematically in figure 2.1 (c), can be obtained by
simple rehydration of a dry lipid film and usually have sizes of a few micrometer. Small
unilamellar vesicles (SUVs) with typical sizes of few tens of nanometers can be obtained
by sonication of MLVs. Large unilamellar vesicles (LUVs) have sizes of a few hundred
nanometers and can be produced by freeze and thaw cycles and subsequent extrusion
through filters with pores of corresponding sizes [28]. Giant unilamellar vesicles with
sizes of a few to a few hundred micrometers can be obtained by swelling of lipid films
using the electroformation procedure [29–31]. By bursting vesicles on a support, flat
membranes (supported lipid bilayers, SLBs) can be obtained.
Understanding the underlying biophysical properties of lipid membranes is crucial
to get hold of the more complex processes taking place in the cell plasma membrane.
Therefore, model lipid membranes are often used to study certain aspects in a system
with reduced complexity.
As discussed in the Introduction, one key to understanding the processes taking place
in the cell membrane is to study its lateral organization into regions of different lipid
and protein content and how it is related to, e.g., the curvature of the membrane or its
interaction with the cytoskeleton. These issues can be addressed in model lipid mem-
branes by studying, e.g., the effect of lipid composition, different protein contents or local
curvature on the lateral organization of the membrane.
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2.1.1. Phase transition and phase separation in model lipid membranes
Phases in lipid membranes are characterized by a certain molecular order and packing
efficiency of molecules.
When discussing the gel and fluid phase, one has to distinguish between membrane
phases and the conformational states that the individual lipids are in. By the (gel
or fluid) membrane phase one means the state of the membrane when almost all of
the lipids exist in the same conformational state and consequently, the (gel or fluid)
conformational state means the conformation of the lipid molecule which is characteristic
for that particular phase. Note, however, that while the conformational state of the
single lipid is subject to fluctuations, the membrane phase persists in the membrane if
the environmental conditions are not changed.
The gel phase is characterized by a high ordering of lipid molecules. Lipids in the gel
conformational state have straight chains (figure 2.1 (b)) that align well in the membrane
and, therefore, also the lipid headgroups are well aligned in the gel phase. One the other
hand, lipids in the fluid conformational state show thermally induced fluctuations of the
orientations of the bonds in the hydrocarbon chains (figure 2.1 (b)). Consequently, the
fluid phase of the membrane is characterized by a loss of lateral order. Also, due to the
chain fluctuations the lipids occupy a larger area per molecule and become effectively
shorter (as depicted in figure 2.1 (d)).
In a membrane composed of a single type of lipid, the membrane phase thus depends
on the temperature (in general, it also depends on pressure, but usually p = const. in
soft matter studies). At low temperatures, the membrane is in the gel phase and upon
raising the temperature a phase transition from the gel to the fluid phase occurs at the
phase transition temperature Tt. While at the phase transition temperature 50% of the
molecules are in the fluid state and 50% are in the gel state, this is cannot be considered
as a coexistence of the two phases, since the conformational states of the single molecules
randomly fluctuate and therefore no phases are formed.
On the other hand, two-component membranes can exhibit coexistence of the fluid
and the gel phase for a certain range of mixing ratios and temperatures. This is usually
described in the phase diagram of a system by marking the ranges of temperatures and
mixing ratios at which phase coexistence occurs. Typically this is the case inside of a
connected region of the phase diagram, i.e. for a continuous range of compositions and
temperatures, whereas outside that region the systems components mix ideally.
Using membranes with more than two components, one can obtain other types of phase
separation or, generally, more complicated phase behavior. Most commonly studied
are the properties of liquid-ordered–liquid-disordered (Lo–Ld) phase separation since it
is believed to be related to some extent to the microheterogeneity of the cell plasma
18
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Figure 2.1. (a) Ball-and-stick models and structural formulas of DMPC and DSPC (the lipids used
in the present work) as example for the general structure of phospholipids (images adopted from
avantilipids.com). (b) Schematic representation of hydrophilic headgroup and hydrophobic chains
of lipids in the gel and fluid conformation. (c) In aqueous environment, lipids self-assemble into
vesicular structures of bilayers to shield the hydrophobic hydrocarbon chains from the environment.
(d) Schematic of fluid–gel phase separation in a lipid bilayer.
membrane, as postulated by the raft hypothesis [2]. Lo–Ld separation appears in lipid
membranes of two types of lipids and cholesterol. The liquid-ordered phase is formed
by mostly one of the two lipid components together with the cholesterol which is packed
in between the lipid molecules, thus the term “liquid-ordered”. The liquid-disordered
phase corresponds to the fluid phase described above. Therefore, this type of phase
separation is not due to the different conformational states that the lipids are in but due
to a different packing order of molecules.
The phenomenon of phase separation in lipid membranes can be directly observed by
fluorescence-based optical microscopy using suitable fluorescent markers. Usually the
fluorophores are lipid-like molecules or covalently bound to a lipid molecule so that they
would insert into the membrane. Typically those molecules show a strong preference for
one of the phases, mostly, however, the fluid (liquid-disordered) one. This is also the
case in the example depicted in figure 2.2.
In principle, it should be possible to construct a phase diagram of a lipid mixture
19
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Figure 2.2. Confocal fluorescence microscopy image of the upper pole of a giant unilamellar vesicle
(DMPC/DSPC 50/50) exhibiting fluid–gel phase separation. Gel-phase domains, which grow and
coalesce with time, appear on the image as dark areas. Scale bar: 20 µm.
from those kind fluorescence-based optical microscopy experiments. Note, however, that,
while this might be feasible for the upper boarder of the phase coexistence region (i.e.
the boarder between the gel–fluid coexistence and the fluid region) of the phase diagram,
for the lower boarder of the phase diagram (i.e. the one between the gel–fluid coexistence
and the all-gel region), this becomes much less feasible. This is due to the fact that it
is not obvious how the fluorescent dyes, which usually partition in the fluid phase of
the membrane, would distribute in the membrane as the fluid domains would disappear
upon cooling. This problem could be circumvented by using atomic force microscopy
(AFM) to observe the gel–fluid phase separation directly. However, this would require
the use of supported lipid bilayers which introduces a new issue, namely the interaction
of the membrane with the support which would most certainly lead to a shift of the
phase transition temperatures. Also, to study the complete phase diagram of, e.g., a two
component lipid mixture via AFM would be very time consuming, as the experiments
are slow and one would need a very large amount of image data per temperature point
for appropriate averaging.
Another approach to study the phase diagram is offered by differential scanning
calorimetry (DSC) which observes the thermal events that accompany the transition
of the membrane from the gel to the fluid state via the gel–fluid coexistence. The DSC
technique will be described in section 2.2.
2.1.2. Dynamics of phase separation
Abruptly changing the temperature of a system being originally in the fluid state to a
temperature within the coexistence region of the phase diagram is usually referred to
20
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as “quenching” the system to the coexistence region. Studying the dynamics involved
in the phase ordering after a temperature quench provides understanding of the sep-
aration process and can thus reveal information on the mechanisms involved in phase
separation [32].
In general, after the very early domain growth stage during which small domains
nucleate and become unstable, a stage with a power law growth of the mean size of
domains sets in,
R(t) ∼ tn, (2.1)
with the growth exponent n being characteristic of the system type and growth mecha-
nism [32, 33]. For systems with a non-conserved order parameter (i.e. when the ratio of
the separating components is not fixed) n = 1/2, whereas for systems with a conserved
order parameter the growth exponent can take values of n = 1/3 or n = 1/4, depending
on the particular mechanism of the domain growth.
In case of the so-called Ostwald ripening, where the growth is controlled by evapora-
tion of smaller domains, and larger domains grow due to diffusive transport of material
through the medium from domain boundaries with larger curvature to domain bound-
aries of smaller curvature, a domain growth with the exponent n = 1/3 is expected. This
is known as the Lifshitz–Slyozov–Wagner growth [34, 35]. Originally, this law was derived
for the growth of minority phase domains in a three-dimensional system in the limit of
small minority phase concentration. Later it was argued that the same law should also
apply to two-dimensional systems, and, based on results of simulations, it was suggested
that it should be valid for any concentration of the minority phase [36–39].
In case when a system is instable with regard to small concentration fluctuations,
spinodal decomposition takes place [40]. For spinodal decomposition in a system with
a conserved order parameter one has to distinguish two possible scenarios. For the case
for (close to) symmetric quenches, i.e. (close to) equal amounts of the two phases, phase
separation via spinodal decomposition produces a worm-like bicontinuous morphology.
This is usually believed to be characteristic for spinodal decomposition, most likely due
to the fact that a lot of (theoretical) model systems deal with the symmetric quenches.
On the other hand, in case of strongly asymmetric quenches the bicontinuous morphology
can generally not be expected – the minority phase occupies a too low area to form a
network and no such structures will be observed.
For both symmetric and asymmetric quenches, domains initially grow with n = 1/4
when spinodal decomposition takes place. For symmetric quenches this is the result of
diffusion of particles along the interface boundaries of the bicontinuous phase morphology.
If the quench is (strongly) asymmetric and thus the phase morphology after the quench
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is not bicontinuous but rather appears as droplets of the minority phase embedded in
the majority phase, the growth proceeds mainly via Brownian motion and coalescence of
these droplets for which in 2D n = 1/4 as well [33]. For both cases, with coarsening of
domains the diffusion through the medium becomes progressively more important and
the domain growth kinetics cross over to the asymptotic regime with n = 1/3 [41]. Note
that in some cases the observation of the asymptotic growth with n = 1/3 may require
long observation times. To reach these scales in lattice-based MC simulations might
require extremely long simulations and large lattice sizes [41].
Apart from the time dependencies of the domain sizes it is also interesting to study
whether the growth process in a system of interest is a scaling phenomenon, i.e. whether
apart from the global change of the scale, the domain morphology at later times looks
statistically similar to that of earlier times [32]. In a more formal way, a system shows
dynamic scaling, if the characteristic size of the system, i.e. the correlation length (which
should be proportional to the mean size of domains R(t) in the above discussion) can
be used to rescale, for example, the spatial autocorrelation function (see description in
section 3.3.1).
2.2. Differential scanning calorimetry
Differential scanning calorimetry (DSC) is a technique that is widely used in the studies
of lipid membrane phase transitions. It captures the thermal events during the transition
when heating/cooling the sample. This is done by comparing how much energy is needed
to heat a sample in comparison to a reference. The sample chamber would for example
be loaded with a suspension of lipid membrane vesicles and the reference chamber with
the buffer that was used for the suspension, but without the lipids. The measurements
are then carried out in a fully automated way with a high-precision temperature control.
Therefore, experiments consume very little preparation time and usually require only one
run per sample (as one usually uses a rather large amount of lipid vesicles).
As a result, one obtains the excess heat capacity curve C(T ) of the sample, i.e. the
amount of energy that is needed per mole and Kelvin to heat the sample depending on
the temperature. A conformational change of the molecules in the sample usually con-
sumes/releases energy (depending on the energetics of the conformations) and therefore,
at the transition temperature, more/less energy will be needed to heat the sample – the
C(T ) curve will have a peak/dip.
Thus, for the most simple case of a melting transition of a sample of only one type of
molecules, the C(T ) profile would be a single narrow peak, sitting on a base line that
only shows a very weak temperature dependence.
In case where a sample is composed of a mixture of different types of molecules, the
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(a) (b) (c)
(a)
(b)
Figure 2.3. Representative snapshots of membrane fragments simulated with atomistic molecular
dynamics (a), coarse grained molecular dynamics (b) and lattice-based (c) Monte Carlo simulations.
The simulation box sizes are ≈ 20× 20 (a), ≈ 40× 40 (b) and ≈ 500× 500 nm2 (c). Yellow boxes
next to (c) correspond to the simulation box sizes of (a) and (b) relative to (c) to demonstrate
that while the information on the (sub-)molecular level is lost in lattice-based MC simulations,
they allow for addressing much larger membrane areas. Images (a, b) are published in [42, 43],
respectively, under the terms of the Creative Commons Attribution License.
C(T ) profile will be more complex and may provide information on the interaction of the
components, especially when carrying out the measurements for different mixing ratios.
For the case of a two-component lipid mixture, as in the present work, different lipid
mixing ratios lead to a shift in position and width of the melting transition and therefore
of the C(T ) profile. This can be used to construct the phase diagram of the system in
an empirical way.
2.3. Monte Carlo simulations of lipid membranes
Monte Carlo (MC) simulation is an extremely fruitful approach to membrane studies,
giving access to information which is either difficult or even impossible to access using
other present-day experimental techniques. Generally, in a MC simulation, the membrane
is driven to the thermodynamic equilibrium by random sampling of the state-space and
evaluation of the random states in terms of their probability. Practically this means
that attempts to randomly change the state of the system (according to a certain set
of rules) are repeated throughout the simulation run and the acceptance or rejection of
those attempts is evaluated in terms of the statistical probability of the system being in
the resulting state.
A wide arsenal of simulation techniques has been developed to study model membrane
systems. The particular choice for one of these techniques depends on the amount of
the fine molecular details, as well as on the spatial scales and time ranges of relevance
for a particular problem addressed in a study. Broadly, the approaches to numerical
simulations of lipid membranes include molecular dynamics methods (figure 2.3 (a))
and their coarse-grained versions (figure 2.3 (b)), mean-field based continuum model
simulations, and lattice-based methods (figure 2.3 (c)).
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Molecular dynamics simulations (figure 2.3 (a)) provide the most detailed approach
to describe the structure and dynamics of membranes. They simulate the membrane
with full atomistic detail and thus, with the computing performance that is presently
possible, are able to cover spatial scales up to a few nanometers and time scales of ≤ 1
µs [42, 44–46] when using high-end parallelized programs running on high-performance
supercomputers. In order to extend these scales and be able to simulate larger membrane
areas, coarse-grained molecular dynamics simulations (figure 2.3 (b)) sacrifice the very
fine atomistic details for the sake of a better computational efficiency [11, 14, 47] and
thereby are able to represent lipid membrane dynamics on length scales of ≈ 100 nm and
time intervals of ≈ 10 µs. Further coarse-graining [48, 49], by representing a cluster of a
few tens of lipid molecules as one particle, allows for simulations of membranes consisting
of ∼ 6000 coarse-grained particles, which is equivalent to the total number of ∼ 60000
lipid molecules in a simulated membrane. On the other hand, this type of coarse-graining
does not allow one to address, e.g., the Brownian motion of individual lipid molecules in
the membrane.
Another approach to study membrane dynamics are mean field-based continuum sim-
ulations [50–52], which rely on solving evolution equations for a compositional or phase
field. These simulations are primarily concerned with the issue of the phase separation
behavior of lipid membranes [53–55] and address much larger spatial scales of order of a
few hundred nanometers. This approach, however, does not seem to be able to reproduce
the complete phase diagram of a real lipid mixture. Additionally, with these simulations
it is not possible to obtain information on lateral diffusion in the membrane.
Continuum simulations of the lipid membrane organization can be made more realistic
by using lipid interaction parameters and lipid chain order parameter libraries extracted
from molecular dynamics simulations [56]. For ternary lipid membrane systems, these
simulations can currently address spatial scales of a few tens of nanometers [56]. As
already mentioned, in view of the continuum character of the model, they do not provide
information on the lateral diffusion of membrane components.
Lattice-based Monte Carlo simulations constitute the computationally least demanding
way to numerical modelling of lipid membranes. Not surprisingly, the first lattice-based
simulations of the single-component lipid membrane date back to the early l980s [57].
Later, this approach based on either the ten-state Pink model or Ising-like models was
successfully used to study phase transitions in one- and two-component lipid membranes,
as well as the effects of lipid–protein and lipid–drug interactions on the phase separation
in lipid membranes (see, e.g., [25, 27, 58–63]).
Although these lattice-based approaches do not even attempt at reproducing the mem-
brane structure and dynamics in full detail on the atomic and molecular scale, they pro-
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vide a surprisingly realistic description of the phase separation and dynamics in lipid
membranes. Additionally, because of the simplified description of the membrane, lattice-
based simulations are capable of describing the membrane behavior on much larger spatial
scales (figure 2.3 (c)) and substantially longer time intervals than the above-mentioned
atomistic and coarse-grained simulations even at lower computational expenses. There-
fore, they can be carried out on state of the art workstations without the need to imple-
ment the simulation as a high-performance parallel code. Previously published lattice-
based simulations addressed one- or two-component lipid membranes on spatial scales
from ten to hundred nm. The recent rapid progress in computer hardware presently
allows one to substantially expand the spatial scales and time intervals addressed in
lattice-based simulations, especially when using a simple and efficient model, as is done
in the present work.
The energetic description of the lattice membrane models is based on accounting for
effective interaction energies between the different types of molecules, typically only
taking into account the nearest or next-nearest neighbor interaction. Those interaction
energies have to be properly adjusted in order to correctly describe the membrane with
the MC simulation. In the present work, excess heat capacity curves calculated from the
Monte Carlo simulation are compared to the ones measured experimentally by differential
scanning calorimetry on suspensions of DMPC/DSPC lipid membrane vesicles, which
allows one to tune the lipid–lipid interaction parameters in the Monte Carlo simulation
appropriately.
2.4. Diffusion
Historically, the description of diffusion as thermally excited random motion was pro-
posed by A. Einstein [64] in his work on the explanation of the Brownian motion of
particles suspended in resting fluids. It was explained that Brownian motion follows
the same laws as diffusion, i.e. it can be described by Fick’s second law, the diffusion
equation, which describes the evolution of the probability p(r, t) to find a particle at
(r, t) [65]
∂
∂t
p(r, t) = D∇2p(r, t), (2.2)
where the proportionality constant D is called the diffusion constant of the diffusing
particle. Its fundamental solution in n dimensions is as follows:
p(r, t|r′, 0) = 1
(4piDt)n/2
exp
(
−(r − r
′)2
4Dt
)
. (2.3)
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This Gaussian propagator leads to the mean squared displacement (MSD) that is linear
in time:
MSD(τ) = 〈[r(t0 + τ)− r(t0)]2〉 = 2nDτ, (2.4)
where 〈 · 〉 denotes the mean value. Typically, in experimental studies, the MSD is cal-
culated as the time and ensemble mean.
Usually, one refers to Brownian motion as “normal diffusion” and by that one simply
means that the above description is valid for the system under investigation.
The term anomalous diffusion has been introduced to describe diffusive processes for
which MSD(τ) does not follow a linear dependence in time [66]. One class of anomalous
diffusion can be described by an MSD following a power law
MSD(τ) = Kτα, (2.5)
with α 6= 1. The so-called (anomalous) super-diffusion takes place for α > 1. If α < 1,
the diffusion is called (anomalous) sub-diffusion. Both types of anomalous diffusion have
been observed in numerous systems [66].
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3.1. Experimental
The saturated phospholipids 1,2-dimyristoyl-sn-glycero-3-phosphocholine (14:0-PC,
DMPC), 1,2-dipalmitoyl-sn-glycero-3-phosphocholine (16:0-PC, DPPC), 1,2-distearo-
yl-sn-glycero-3-phosphocholine (18:0-PC, DSPC), 1,2-diphytanoyl-sn-glycero-3-phospho-
choline (4ME-16:0-PC, DiPhyPC), and the fluorescent lipid marker 1,2-dipalmitoyl-
sn-glycero-3-phosphoethanolamine-N-(lissamine rhodamine B sulfonyl) (N-Rhod-DPPE)
were purchased from Avanti Polar Lipids (Alabaster, AL), diluted in a chloroform-
methanol (2:1) mixture, aliquoted, and stored at −20◦C in argon atmosphere. Giant
unilamellar vesicles (GUVs) were prepared by the electroformation method [29] on two
platinum wires or ITO coated coverslides. Visualization of phase separation in two-
component DMPC/DSPC GUVs was achieved by means of laser scanning fluorescence
microscopy (Carl Zeiss Jena GmbH, Jena, Germany). High speed video microscopy with
the Neo sCMOS camera (Andor Technology plc., Belfast, Irland) was used to visual-
ize phase dynamics of phase separated and (near-)critical GUVs. Multilamellar vesicle
(MLV) suspensions were obtained by rehydration of dry lipid films. Differential scanning
calorimetry (DSC) was performed on MLV suspensions of DMPC/DSPC lipid mixtures
in a 10 mM Hepes buffer (pH 7.4) using a VP-DSC calorimeter (MicroCal, Northamp-
ton, MA) with scan rates of 2− 3 K/h and a medium (“mid”) feedback. The onset and
completion temperatures of the phase transition of DMPC/DSPC lipid mixtures were
determined from experimentally measured excess heat capacity curves by the empiri-
cal approach known as the tangent method as described in, e.g., [13, 25, 27]. In brief,
tangential lines were fit to the low- and high-temperature slopes of the the heat capac-
ity curves C(T ) of a range of compositions (DMPC/DSPC = 0/100, 10/90, 20/80, ...,
90/10, 100/0), and the onset and completion temperatures are defined as the respective
zero-crossing points of the tangential lines. Plotting the phase transition onset- and com-
pletion temperatures as a function of the mixing ratio of the lipid mixture allows one to
empirically construct the experimental phase diagram of the binary lipid mixture.
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3.2. Monte Carlo Simulations
The approach to lattice-based MC simulations of a two-component membrane employed
in the present work is conceptually similar to the one described previously [25–27]. While
Sugár et al. [25] originally introduced their model to reproduce the phase behavior of
small unilamellar vesicles (SUVs) which typically have radii of a few 10 nm, it was later
used in [27, 67] to study the diffusion of lipid molecules in phase separated two-component
lipid membranes. There are, however, several issues with the work of Hac et al., one of
which is the fact that in their work the authors compare simulated fluorescence correlation
spectroscopy (FCS) experiments on membrane patches of 60× 60 lipid chains (1.8× 103
lipid molecules) to experimental results gained from FCS experiments with a typical focal
spot diameter of 0.5 µm which covers approximately 4× 105 lipid molecules. The claim
made in [27] that results obtained from simulated FCS experiments with focal spot radii
of a few tens of nanometers can be directly compared to or even directly mapped onto
experimentally obtained results of FCS measurements with typical focal radii of a few
hundred nanometer does not seem to be fully unjustified. Furthermore, the fact that
the focal spot size in the MC simulations in [27] is almost as large as the simulation box
introduces additional artifacts1 in the FCS results from the MC simulation.
3.2.1. General description
To overcome the discrepancies in the former simulation studies, the aim of the present
work was to simulate the lipid membrane dynamics on the experimentally relevant spatial
scales (of order of a micrometer) and time intervals (of order of a second). Therefore,
to achieve a higher computational efficiency for simulations on those scales a further
simplification of the description within the framework of the membrane lattice model was
necessary. One possibility to do this is to use a less complicated lattice representation of
the lipid membrane. While the use of the triangular lattice of chains is usually justified
by x-ray-diffraction data for the gel phase, it is obvious that the membrane is not a single
crystal and the lipid packing order is always just a local property. In fact, there exists
experimental evidence that the arrangement of lipid chains in the gel phase shows only
a short-range positional order and thus represents the so-called hexatic phase [68–70].
Therefore the triangular lattice of chains might not correctly represent the structure of
1In [27] the authors “tried avoiding boundary effects by keeping track of the distance of each label from
the focus center by allowing for distances up to 2.5 simulation box diameters” [27], i.e. the molecules
diffuse on a lattice produced by patching 5× 5 the original simulation box. This approach, however,
introduces new artifacts (most likely due to the correlated motion of molecules) in the autocorrelation
function. This was confirmed in the present work when comparing the MC simulation results produced
with the approach of Hac et al. with results obtained from using 25 times larger simulation boxes
but keeping the focal spot the same absolute size (data not shown).
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Lipids
DMPC
DSPC
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Figure 3.1. Square lattice model used in this work to simulate two-component lipid membranes
(DMPC and DSPC in the present work). Individual lipid molecules occupy the nods of a square
lattice. Each of the two lipids (orange, cyan) can exist in either the gel or the fluid conformational
state (black, white). The combined representation via four-color coding makes it possible to see
the complete configuration of the membrane in a single snapshot.
the gel phase. Furthermore, importantly, while a local triangular ordering geometry of
lipid chains might be the case if the membrane is in the gel state, it should not apply at
all to the case when the membrane is fluid.
It can additionally be argued that a particular type of lipid packing and fine molecular
details should be of little importance if one is interested in the properties of the mem-
brane at scales much larger than one lipid molecule. This is the case in the present study.
Therefore, to represent a membrane, instead of a triangular lattice of lipid chains [25, 27],
a square lattice of lipid molecules was used (see figure 3.1). This representation has the
advantage that neither the orientation of the single lipid molecules within the membrane
plane nor the conformational states of individual lipid chains of a lipid molecule need to
be considered, which makes the model computationally much less demanding. Further-
more, it was recently argued that the lipid interaction parameters obtained from MC
simulations might be less accurate, if each lattice site is treated as a lipid chain [63].
Each node of the square lattice with periodic boundary conditions is occupied by a
single lipid which can exist in either gel or fluid state and interacts only with its nearest
neighbors. Lipids can move laterally via next-neighbor exchange and may change their
state from gel to fluid or vice versa. Formally, this description is similar to the Ising
model with a conserved order parameter (representing lipids) coupled to the Ising model
with a non-conserved order parameter (representing lipid states) but it is not the Ising
model, because of an additional entropy term.
The elementary step of the MC simulation consists of two sub-steps:
(i) A random lipid on the lattice is selected. The probability p(i) of a change of its
conformational state (from gel to fluid or vice versa) is calculated. If p(i) is larger
than a random number ranu(i), uniformly distributed between 0 and 1, the state of
the lipid is changed.
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(ii) A random pair of next neighbors is selected. The probability p(ii) of position ex-
change is calculated. If p(ii) is larger than a random number ranu(ii), uniformly
distributed between 0 and 1, the positions of the two next neighbor lipids are
exchanged.
The probabilities p are calculated from the respective changes in the Gibbs free energy
∆G that go along with a state change or positional exchange:
p =
exp (−∆G/RT ) ∆G > 01 ∆G ≤ 0, (3.1)
with
∆G = ∆NF1 (∆E1 − T∆S1) + ∆NF2 (∆E2 − T∆S2)
+ ∆NGF11 wGF11 + ∆NGF22 wGF22 + ∆NGG12 wGG12
+ ∆NFF12 wFF12 + ∆NGF12 wGF12 + ∆NGF21 wGF21 .
(3.2)
Here, ∆Ei and ∆Si are the changes in the internal energy and entropy of a molecule of
lipid i when it switches its state from gel to fluid, wmnij are the next-neighbor interaction
energies of lipids i and j being in states n and m, respectively, ∆NFi is the change in the
number of molecules of lipid i in the fluid state and ∆Nmnij is the change in the number
of next-neighbor contacts of lipids i and j being in states n and m, respectively.
For an L × L lattice, one MC cycle is defined as a chain of L2 elementary MC steps.
After each cycle, the enthalpy of the lattice is calculated as follows:
H = NF1 ∆E1 +NF2 ∆E2 +NGF11 wGF11 +NGF22 wGF22
+NGG12 wGG12 +NFF12 wFF12 +NGF12 wGF12 +NGF21 wGF21 .
(3.3)
MC simulations naturally give access to a number of thermodynamic parameters of the
system. For example, the excess heat capacity C(T ) can be calculated from the variance
of equilibrium fluctuations of the total lattice enthalpy H as follows:
C(T ) =
〈
(H − 〈H〉)2
〉
/RT 2. (3.4)
This quantity can also be obtained from differential scanning calorimetry experiments
and can thus be used in order to adjust the interaction parameters wmnij of the simulation.
This approach was originally proposed by Sugár et al. [25, 60]: temperature-dependent
excess heat capacity curves obtained from MC simulations for a range of membrane
compositions are compared with experimentally measured heat capacity curves. The
parameters wmnij are varied until a reasonable agreement with experimental DSC data is
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achieved. As in the previous studies [25, 27], the procedure of tuning the lipid interaction
parameters results in a single set of wmnij which is used to describe the membrane at all
temperatures and lipid compositions. This is an important aspect which means that
after adjusting the interaction parameters wGF11 and wGF22 (by comparing excess heat ca-
pacities C(T ) of the respective one-component lipid membranes calculated from the MC
simulation and measured experimentally by DSC) it is enough to adjust the remaining
four parameters wmnij by comparing simulation and experiment for one single (arbitrary)
mixing ratio of lipid 1 and lipid 2 (ideally, this is done for a mixture close to 50/50
where the effect of the parameters on the shape of C(T ) can be identified with the least
ambiguity).
3.2.2. Initialization of the simulation
For every membrane composition and temperature addressed in the present study, sim-
ulations started with a random initial configuration of the membrane where lipids were
randomly distributed on the lattice and all assigned to be in the fluid state (i.e., config-
urations corresponding T = ∞). At the beginning of each simulation, the system was
abruptly brought to the particular target temperature (“quenched”), and the tempera-
ture was kept constant during the whole simulation run.
Depending on the particular effects to be studied, data were recorded at different
stages of the MC simulation. To study domain coarsening and growth dynamics, the
whole time-dependent evolution of the membrane starting with the temperature quench
at t = 0 MC cycles was recorded. To calculate the excess heat capacities and correctly
address other stationary properties of the membrane, including lipid diffusion dynamics,
line tension of lipid domains, correlation lengths and susceptibilities, the membrane was
first brought to the thermodynamic equilibrium.
To ensure that the system has reached the full equilibrium, it was verified that the
mean total lattice enthalpy 〈H〉 relaxed to a constant value. In cases where equilib-
rium membrane configurations within the fluid–gel phase coexistence region of the phase
diagram were required, the complete equilibration was additionally checked by visual
inspection of membrane snapshots.
To achieve fast equilibration, a third sub-step, consisting in position exchange of two
randomly chosen lipid molecules, was added to each elementary step of the Monte Carlo
procedure. Apart from selecting the randomly chosen lipids for the attempted position
exchange instead of the next-neighbor ones, it follows the same procedure as sub-step
(ii). This approach, which was suggested in [71] and successfully applied in [25, 26, 72],
is known to be very efficient in driving the system toward the equilibrium configuration.
Typically, this equilibration procedure was propagated for 1.5×105 MC cycles, which for
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the lattice sizes used in this work is substantially longer than the typical time required by
the total lattice enthalpy H to reach its equilibrium value at a given temperature in the
presence of the random lipid exchange sub-step. After the completion of this procedure,
the random lipid exchange sub-step is switched off, and the equilibrium properties of the
system can be studied.
3.2.3. Rate function to control lipid mobility
To realistically represent the translational motion dynamics of lipids, diffusion in the
gel phase should be ∼ 10...100 times slower than in the fluid phase. This was real-
ized by introducing a rate function controlling the likelihood of next-neighbor exchange
depending on the number of gel neighbors, as suggested in [27]. In particular, the next-
neighbor exchange of two lipids (sub-step (ii) of the simulation) is attempted only with
a probability
r = exp
[
−
(
N (g)nn /Nnn
)
(∆E/kBT )
]
, (3.5)
where Nnn (N (g)nn ) is the number of the next neighbors (in the gel state) of the pair of
lipids attempting to exchange their positions; for the square lattice of lipids Nnn = 6.
The quantity ∆E ≥ 0 corresponds to the activation energy barrier for the next-neighbor
exchange in the all-gel environment compared to the all-fluid environment. In the present
work, ∆E was adjusted to provide ca. 40 times slower translational diffusion of lipids
in the gel phase compared to the fluid phase. This value is somewhat arbitrary but it
should be noted that the equilibrium properties of the membrane should not depend on
the rate function since the transition probability between the gel and fluid conformations
of the lipid molecule in the simulations depends only on its immediate environment and
does not involve any time delay.
3.2.4. Spatial scales and time intervals addressed in the simulation
Simulations were typically carried out on 600×600 lattices (400×400 when studying the
effect of membrane–membrane-skeleton interaction), which corresponds to a membrane
fragment consisting of 3.6× 105 (1.6× 105) lipid molecules. MC simulations were run for
up to 2×107 MC cycles, which allows one to collect the necessary data for the analysis of
thermodynamic properties of the membrane and translational diffusion of lipid molecules.
By relating the simulation lattice size to the typical lipid head group dimensions one
can find the real experimental scales that the simulation lattices correspond to. Subse-
quently, it is possible to find how the time intervals addressed in the MC simulations
translate to real time by relating values of translational diffusion coefficients of lipids
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from the simulation to experimental data.
By assuming the lipid head group having a size of ca. 0.8 × 0.8 nm2 and using
experimental data on DMPC diffusion coefficient in the fluid phase (3 − 6 µm2/s at
T = 304.5 K [73–75]), it is found that one MC cycle of the present simulations corre-
sponds to ≈ 50 ns. Thus, the simulations describe the behavior of a membrane fragment
of a size of ≈ 0.48 × 0.48 µm2 over time intervals of ≈ 1 s. These are indeed the
experimentally relevant scales which were planned to achieve in the simulation.
3.2.5. Model for the membrane skeleton
The membrane skeleton was modeled by a random Voronoi tessellation satisfying the
periodic boundary conditions. For simulations with L = 400, random tessellations with
N = 36 compartments were generated, which gives the average linear size of the compart-
ment ` = LN−1/2 = 66.6 lattice units ≈ 53 nm. The Voronoi tessellation geometry and
the mesh size that was used is motivated by images of, e.g., the erythrocyte membrane
skeleton obtained by electron microscopy [76].
The generated filament meshwork was projected onto the square lattice thereby cre-
ating a set of pixels representing the locations of the filaments. In the present model,
each of these locations can be assigned to be a cytoskeleton pinning site and thus mimic
the role of a membrane anchor of the skeleton, i.e. a transmembrane protein bound to
the cytoskeleton. To mimic the membrane–cortical skeleton interaction, a simple rule
inspired by experimental data on lipid interactions with transmembrane proteins [77]
was followed: a lipid located at a filament pinning site is forced to assume the gel confor-
mation with no explicit restrictions on its mobility. Thus, a pinning site does not present
an obstacle for lipid diffusion but its effect on diffusion is indirect and takes place solely
due to a lower lipid mobility in the gel-state local environment. The effect of the varying
strength of the membrane-skeleton interaction was modeled by randomly assigning var-
ious fractions of filament position pixels to be filament pinning sites. Simulations were
carried out with the filament pinning density set to 25%, 50%, and 100%; in these cases
the total number of pinning sites amounted to approximately 1%, 2%, and 4% of the
total membrane area.
The choice of immobile pinning sites is justified by experimental observations demon-
strating that the membrane anchor proteins band 3 and ankyrin show a very low diffusion
coefficient of ∼ 10−4 − 10−3 µm2/s over time intervals up to tens of seconds [78, 79].
The effect of the interaction of the lipid membrane with transmembrane proteins which
are preferentially wetted by one of the membrane phases has been investigated in previous
MC simulation studies (see, e.g., [80–83]). In these works, it was assumed that proteins,
preferentially wetted by one of the membrane phases, could freely diffuse in the mem-
33
3 Materials and Methods
brane, which results in their accumulation in this phase and, in case of two-component
membranes, in fact enhances large-scale phase separation. It should be pointed out, that
these works focused only on structural properties of membranes interacting with protein,
and did not address the issues of diffusion in the membrane. What sets the present work
apart from those studies, is that (i) it considers the interaction of the membrane with
the immobile cytoskeleton (and, therefore, the immobile membrane anchor proteins) and
(ii) apart from studying its effects on the membrane phase behavior also investigates the
effect on the diffusion of lipids in the membrane.
3.2.6. Implementation
The program code is fully original and is written in the Fortran programming language
completely from scratch except for the random number generation routine. The use of
a good pseudo-random number generator is essential for the success of a Monte Carlo
simulation study. Therefore, in this work, the Mersenne Twister routine [84] was used
as it provides sequences of pseudo-random numbers equidistributed in 623 dimensions
characterized by an extremely long period of 219937 − 1 ≈ 4.3× 106001.
Simulation results were analyzed using original dedicated routines written in MATLAB
Ver. R2007b (The MathWorks, Natick, MA) and Fortran.
The Compaq Visual Fortran Compiler Ver. 6.6a (Compaq Computer Corporation,
Houston, TX) or the Intel Visual Fortran Compiler Professional Edition Ver. 11.1 (Intel
Corporation, Santa Clara, CA) was used for compilation. The use of the Intel compiler
provides a ∼ 30% faster performance of the simulation complied from the same code and
run on the same workstation.
Monte Carlo simulations were carried out on a workstation (Intel Core2 Quad Extreme
CPU X9770 3.2 GHz, 4 GB RAM) running under Windows XP. Under these conditions,
a simulation run on a 600×600 lattice for 2×107 MC cycles takes about 700 h (Compaq
compiler) or 460 h (Intel compiler) of CPU time. The simulation method very naturally
offers the opportunity of parallel implementation, which can further substantially speed-
up the computation. Recent advances in the use of GPU-based computations [85, 86]
also offer impressive speed-up of lattice based simulations. Such optimizations might be
implemented in future studies.
3.3. Data Analysis
3.3.1. Analysis of membrane configurations
To gain information on the character of spatial fluctuation of the local membrane com-
position and lipid state in the equilibrium, the spatial distributions of lipids and lipid
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states was analyzed by calculating the radial autocorrelation function G(r) and the cir-
cularly averaged structure function S(k) from the radial distribution function g(r) as
follows [87–89]
g(r) = ρ¯−2
〈∑
i
∑
j 6=i
δ(ri)δ(rj − r)
〉
, (3.6)
G(r) = g(r)− 1, (3.7)
S(k) = 1 + ρ¯F {G(r)} , (3.8)
where ρ¯ is the spatially averaged number density of particles, and F { · } denotes the
Fourier transform. The fact that the particles cannot take arbitrary positions but rather
occupy sites on the square lattice is taken into account to avoid artifacts in spatial and
angular averaging. In particular, when calculating, e.g., G(r) from the lattice configura-
tions for a particular r′, due to the discrete nature of the lattice, one has to sum up the
values of pixels that lie within a ring of (r′− 1/2 l.u.). . . (r′+ 1/2 l.u.) around the center
pixel. The fact that on a discrete lattice each of these rings has a different number of
available pixels per area is taken into account by normalizing each G(r′) by that number
and not by the radius of the ring, as would be done in a continuum situation.
When studying equilibrium membrane properties, structure functions S(k) were aver-
aged over several hundred equilibrium configurations of the membrane at a given tem-
perature and composition. The static structure factors for lipids (DMPC and DSPC)
SL(k) and lipid states (fluid and gel) SS(k) were calculated independently.
3.3.2. Line tension between the gel and fluid phases
The line tension can be determined from the Fourier spectrum of domain contour fluc-
tuations, using the approach originally introduced by Goldstein and Jackson [90] and
later successfully applied to lipid bilayer membranes [91, 92] (for corrected expressions,
see [93]).
Here, this theoretical approach shall briefly be reviewed as it is used in the present
work to extract the energies of the Fourier modes of domain fluctuations, and ultimately
the values of the line tension corresponding to these modes.
The procedure is valid for individual domains with a constant area. The mean radius
of the domain is R0. Its boundary energy can be expressed as
E = λL, (3.9)
where λ is the line tension and L is the domain perimeter, in case of a circle L = 2piR0.
Domain shape fluctuations around the mean circular shape can then be expressed via
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series expansion as
r(θ, t) = R0
(
1 +
∑
n>0
an(t) cosnθ + bn(t) sinnθ
)
= R0
1 + 12 ∑
n6=0
un(t)eint
 . (3.10)
The second moment of the un is related to the energy cost of deviation from the circular
shape as follows
∆E = λpiR02
∑
n
(n2 − 1) |un|2. (3.11)
From the above equations and assuming the equipartition theorem the power spectrum
of domain contour fluctuations can be expressed as
〈
|un|2
〉
t
= 2kBT
λpiR0(n2 − 1) . (3.12)
The line tension λ of the domains is then taken as the average value for the number
of oscillation modes n that can be obtained from the particular system and analysis.
3.3.3. Analysis of lipid diffusion and simulation of FCS experiments.
The lateral diffusion of lipid molecules was studied by recording positions (x, y) of a small
fraction (< 0.05%) of lipid molecules and calculating the time- and ensemble-averaged
mean-square displacement MSD(τ) as follows
MSD(τ) = 1
tmax − τ
tmax−τ∑
t=1
{
[x(t)− x(t+ τ)]2 + [y(t)− y(t+ τ)]2
}
, (3.13)
where τ denotes the time lag, and tmax is the total length of the lipid molecule trajectory,
i.e. usually the length of the simulation run. Time in the MC simulation is given in units
of MC cycles.
As discussed in section 2.4, the MSD grows linearly with time, if molecules undergo
normal diffusion: MSD(τ) = 4Dτ in 2D, where D is the translational diffusion coefficient.
In case of anomalous subdiffusion, the MSD shows a slower (sublinear) power-law growth
MSD(τ) ∼ τβ with 0 < β < 1 (see, e.g., [66]).
Therefore, the local exponent of the mean-square displacement
βMSD(τ) = d logMSD(τ)/d log τ (3.14)
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was calculated in order to characterize the behavior of the MSD curves.
Alternatively, one can calculate the effective time-dependent diffusion coefficient
D(τ) = 14dMSD(τ)/dτ (3.15)
from the MSDs and study its time dependence. A time-dependent diffusion coefficient
provides a more general description of diffusion showing deviations from the normal
behavior (also in cases where it cannot be described in terms of subdiffusion).
Another approach to analyze the lipid diffusion properties is to simulate fluorescence
correlation spectroscopy (FCS) [94] measurements. To do that, the tracked particles
(as above, a small fraction < 0.05%) were assumed to be fluorescent. Fluorescence
intensity fluctuations δF (t) = F (t)−〈F 〉 about the mean intensity 〈F 〉 in a 2D Gaussian
detection spot exp(−2r2/r20) were recorded, and their autocorrelation function G(τ) =
〈δF (t)δF (t + τ)〉/〈F 〉2 was calculated. The detection spot size was set to r0 = 31
lattice units ≈ 25 nm, the size experimentally achievable using the stimulated emission
depletion (STED) FCS technique [95]. It is important to note that this detection spot
is much smaller than the lattice size (r0/L ≈ 0.05 for L = 600 and r0/L ≈ 0.08 for
L = 400), which allows one to avoid artifacts in the fluorescence autocorrelation function
and additionally ensures that the results of such simulations are experimentally relevant.
FCS curves were averaged over nine different focal spot positions on the lattice. The
spots were placed at (x, y) = L×[(1/6, 1/6), (1/6, 3/6), (1/6, 5/6), (3/6, 1/6), . . . ,
(5/6, 5/6)] and periodic boundary conditions were taken into account. When studying
the effects of the membrane skeleton, the results were additionally averaged over five
random realizations of the filament meshwork.
Simulated FCS curves were analyzed using the empirical model
G(τ) = G(0)/
[
1 + (τ/τD)βFCS
]
, (3.16)
where the characteristic decay time τD is the so-called diffusion time, which is related
to the diffusion coefficient and the detection spot size (in case of normal diffusion, τD =
r20/(4D)), and the exponent β is used to describe the deviation of the autocorrelation
curve from the normal diffusion model.
For βFCS = 1 this expression corresponds to normal diffusion, while for 0 < βFCS < 1 it
provides a simple way to describe anomalous subdiffusion in FCS [94]. In case of normal
diffusion, τD is related to the diffusion coefficient of fluorescent particles D and detection
spot size r0: τD = r20/(4D).
Notice that since FCS is sensitive not only to the MSD(τ), but also to the higher
moments of the distribution of displacements of a diffusing particle, the connection be-
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tween G(τ) and MSD(τ) is straightforward only in case of a Gaussian distribution of
displacements [94]. As a result, in case of anomalous diffusion of particles, generally
βFCS 6= βMSD.
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Results
4.1. The empirical phase diagram is correctly reproduced by the Monte
Carlo simulation
As discussed in section 3.2, a particular type of lattice geometry should not play a role
in the MC simulation provided that the interaction parameters are properly adjusted.
In the present work a square lattice of lipids is used to represent two-component lipid
membranes and the first step is to test whether the former statement holds true. As done
in the previous lattice-based MC simulation studies of lipid membranes [25, 60], this was
done by testing whether the experimentally measured excess heat capacity curves C(T )
could be reproduced by the simulation.
Figure 4.1(a) shows the heat capacity curves obtained experimentally by differential
scanning calorimetry (DSC). They capture the well-known feature of two-component lipid
mixtures that in a two-lipid system with a fixed composition the all-fluid and all-gel states
of the membrane are separated by a temperature range where coexistence of the fluid and
gel phases takes place (see, e.g., [13]). Depending on the choice of the two components and
their mixing ratio this temperature range can span several tens of degrees. Historically, in
the lipid studies, the term “broadening of the transition” was used to describe this feature
of two-lipid systems [19, 23, 25]. Here, by transition one meant the gel–fluid transition,
and the broadening was understood as compared to a single-lipid system, which, in turn,
does not show any phase coexistence but directly undergoes a transition from the fluid to
gel state upon cooling below the phase transition temperature. In this terminology, the
onset and completion temperatures of the (broadened) transition are usually discussed,
with a gel–fluid phase coexistence region located between these temperatures [19, 23, 25].
After properly adjusting the interaction parameters wmnij for the simulation of
DMPC/DSPC on the square lattice, the MC simulations reproduce well the experi-
mentally measured excess heat capacity curves C(T ), as shown in figure 4.1(a, b). It is
remarked here that the parameter search is feasible due to the fact that the influence
of the single parameters wmnij on the C(T ) curves is mostly decoupled. Parameters wGF11
and wGF22 can be tuned by comparing experimental results of the respective single-lipid
membranes to the ones obtained from the simulation. The effect of the remaining four
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Figure 4.1. (a, b) Excess heat capacity curves C(T ) of lipid membranes composed of DMPC
and DSPC for a range of mixing ratios (DMPC/DSPC = 0/100, 10/90, 20/80, ..., 90/10, 100/0)
measured experimentally by differential scanning calorimetry (a) and calculated from the MC simu-
lations (b). (c) Empirical phase diagram of DMPC/DSPC constructed from the excess heat capacity
curves by the tangent method (see text). Experimental data: present work (•), [19] (uunionsq), [20] (◦), [21]
(♦), [22] (O), [23] (/), [24] (M), [25, 26] (.), a reanalysis of experimental C(T ) data for DMPC/DSPC
20/80 and 10/90 from [26] (.· ), and [27] (×). Monte Carlo simulation data: present work (N), [25]
(+), [27] (∗).
parameters on the shape of the C(T ) profiles of mixtures of DMPC and DSPC is shown
for the example DMPC/DSPC 50/50 in figure 4.2. It is clearly visible that each of the
parameters has a different effect on the shape of the profiles.
By following the empirical approach discussed above and plotting the onset and com-
pletion temperatures of the C(T ) profiles as a function of the membrane composition,
one obtains an empirical phase diagram of the system. As shown in figure 4.1(c), the
empirical phase diagram constructed from the MC simulation data is in perfect agree-
ment with experimental results (both obtained in the present work and published earlier
by other groups [19–25, 27]), as well as with results from the previous simulation studies
[25, 27] where lipids were represented as dimers of acyl chains arranged on a triangular
lattice.
This confirms that the claim that was made is indeed true and the lattice geometry
does not play a role if the lipid interaction parameters are adjusted accordingly. The
resulting set of parameters wmnij used in the present work is listed in table 4.1 along with
the ones from the former studies [25, 27] carried out on the triangular lattice of lipid
chains.
It should be noted that evaluation of the onset and completion temperatures (as de-
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(a) (b)
(c) (d)
Figure 4.2. Dependence of excess heat capacity curves C(T ) on ± 30% variations of the lipid
interaction parameters wFF12 (a), wGG12 (b), wGF12 (c), wGF21 (d). Tuning the parameters seperately to
70% (•) and 130% (N) of the values used in the present work () shows how they affect the C(T )
profiles in a non-correlated way. Solid lines are splines shown as a guide for the eye.
scribed in section 3.1) is not always unambiguous. In particular, a reanalysis of the
experimental C(T ) data from [26] for DMPC/DSPC 20/80 and 10/90 mixtures results
in onset temperatures lower than those reported in [26] and very close to the ones ob-
tained in the present work (figure 4.1).
Furthermore, it is pointed out that in the present work the tangent method is applied
to analyze C(T ) data for all membrane compositions, including the single-lipid systems.
As a result, a finite transition width for pure DMPC and DSPC membranes is obtained.
The transition widths of single-lipid systems obtained in the present MC simulations are
in agreement with previous lattice-based MC simulation results [60], and as previously
the simulated C(T ) profiles of individual lipids are wider than the ones observed ex-
perimentally – for discussion see [60]. Notice that, in contrast to the present work, the
onset and completion temperatures for the single lipids are frequently not reported in
the literature, but rather a single temperature corresponding to the peak of the C(T )
profile is given in the phase diagram.
Another important point is that, generally, there is neither proof nor guarantee that on-
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Table 4.1. Thermodynamic parameters of lattice-based MC simulations of the DMPC/DSPC lipid
membranes used in the present work and previous publications [25, 27].a
Thermodynamic Parameters
∆E1 ∆E2 ∆S1 ∆S2 wGF11 wGF22 wGF12 wGF21 wGG12 wFF12
MC study (Jmol-1) (Jmol-1) (Jmol-1K-1) (Jmol-1K-1) (Jmol-1) (Jmol-1) (Jmol-1) (Jmol-1) (Jmol-1) (Jmol-1)
Ref. [25], 12700 21970 42.65 67.02 1353 1474 1548 1715 565 335
triangular lattice
of lipid chains
Ref. [27], 13165 25370 44.31 77.36 1353 1474 1548 1716 607 251
triangular lattice
of lipid chains
Present work, 26330 50740 88.65 154.70 1827 1622 4025 4460 1412 502
square lattice
of lipids
a Simulations by Sugár et al. [25] and Hac et al. [27] were carried out on the triangular lattice of lipid chains. The
parameters used in the present work differ from those of [25, 27] due to the fact that simulations were carried out
on a square lattice of lipid molecules. Notice further, that the parameters in [25, 27] are given per mole of lipid
chains while in the present work they are given per mole of lipid molecules.
set and completion temperatures extracted from the C(T ) curves by the tangent method
necessarily correspond to the actual temperatures of the boarders of the phase coexis-
tence range. Therefore, the empirical phase diagram constructed on the basis of heat
capacity data may differ from the real phase diagram of the system and thus not pro-
vide an insight into the microscopic structure and the dynamics of the membrane. This
is indeed what is observed in the present work, as shall be discussed in the following
sections.
4.2. The empirical phase diagram does not provide insight into microscopic
structure and dynamics of the membrane
Upon close inspection of membrane snapshots from the MC simulation at different com-
positions and temperatures, as shown in figure 4.3, one indeed finds that the phase
behavior is more complicated than what is suggested by the empirical phase diagram.
While one would expect to find a complete separation of the gel and fluid phases in the
region bounded by the curves of the onset and completion temperatures, rather two types
of phase behavior can be observed: i) complete separation of the gel and fluid phases (as
expected) and ii) a highly dynamic intermixing of the two phases.
In order to understand this phenomenon, a more detailed description of the phase
diagram is necessary. Going beyond the empirical experimental approach discussed and
followed in the last section, one finds that the transition from a single-phase state of the
membrane to a two-phase coexistence state is actually a phase transition by itself. A two-
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Figure 4.3. Left-hand panel: Empirical phase diagram of the DMPC/DSPC lipid mixture obtained
from the analysis of excess heat capacity curves from differential scanning calorimetry measurements
(•) and MC simulations (N). Right-hand panel: Membrane configurations corresponding to the
compositions and temperatures marked by filled squares on the phase diagram. Lattice size: 600×
600; scale bar: 200 lattice units ≈ 160 nm.
lipid system upon cooling from a high temperature at which it is in the fluid state, would
thus undergo two phase transitions: from the fluid state to the gel–fluid coexistence, and,
upon further cooling, another phase transition from the gel–fluid coexistence to the gel
state. To avoid confusion, it is clarified here that henceforth, wherever the expression
“phase transition” is applied to a two-lipid system, it refers to the phase transition
from a single phase state to a two-phase coexistence state (or vice versa). Studying
the properties of these phase transitions, should reveal many details on the microscopic
organization of the lipid membrane.
4.3. Structure function analysis provides a more detailed description of the
phase diagram – binodals, spinodals and lipid demixing curves
A more detailed description of the phase diagram can be obtained by constructing the
binodal and spinodal curves of the phase diagram. The binodal curves (or coexistence
curves) enclose the region in the phase diagram in which the equilibrated system shows
a complete separation of the two phases. The spinodals are the boundaries of the region
where the mixture is unstable with respect to small local fluctuations of the composition.
They always lie inside the area enclosed by the binodals, with the exception of a critical
point, where the binodal and spinodal touch in a common local maximum or minimum.
The binodals and spinodals of the phase diagram of the DMPC/DSPC lipid mixture
were constructed by calculating and analyzing the static structure functions S(k) [88]
according to equation 3.8 for a wide range of membrane compositions and broad temper-
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(a) (b)
Figure 4.4. Representative structure functions characterizing the spatial distribution of lipid
states SS(k) (a) and lipids SL(k) (b) of DMPC/DSPC 20/80 membranes for a set of temperatures
above the phase transition (top to bottom: T = 322, 322.5, 323, 324, 325, 326, 328, 331, and 335 K).
(a) (b)
Figure 4.5. Structure functions characterizing the spatial distribution of lipid states SS(k) (a)
and lipids SL(k) (b) of a DMPC/DSPC 20/80 membrane at T = 322.5 K along with weighted
least-squares fits using the single- (a) and two-component(b) OZ approximation, respectively. The
gray dashed lines in (b) show the single components of the fit.
ature intervals covering the whole area of the phase diagram. Importantly, from the MC
simulations it is possible to study S(k) for the spatial distributions of both lipids (DMPC
or DSPC) and their conformational states (fluid or gel) independently and thereby to
obtain valuable details on the microscopic lipid organization in the membrane and its
role in the dynamics of the phase separation. In figure 4.4 a set of structure functions
of lipid states SS(k) and lipids SL(k) is shown for the DMPC/DSPC 20/80 mixture at
temperatures above the ones where complete phase separation takes place.
Outside the region of the phase diagram where complete phase separation takes place,
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(a) (b)
Figure 4.6. Temperature dependences of the amplitudes S(0) (a) and correlation lengths ξ (b)
of the OZ components for lipids and lipid states of the DMPC/DSPC 20/80 mixture. The arrows
indicate the positions of the binodal (B), spinodal (S), and lipid demixing (L) temperatures.
the Ornstein-Zernike (OZ) approximation [88]
SOZ(k) = S(0)1 + (kξ)2 (4.1)
provided an excellent description of the lipid-state structure functions SS(k) (see example
in figure 4.5 (a)). Here, k is a wavenumber, ξ is the correlation length, and the amplitude
S0 is proportional to the order parameter susceptibility2 of the system. It is noted here,
that the structure functions calculated from the membrane configurations have a small
positive offset which had to be included in the fit function. As this is solely due to the
fact that simulations were carried out on a finite-size lattice3, this offset is not regarded
in the formulas here and is also subtracted in the presented plots of structure functions.
From the temperature dependence of ξS(T ) and SS,0(T ) the lipid state spinodal and
binodal were determined (see example for DMPC/DSPC 20/80 in figure 4.6). In partic-
ular, binodals were determined from the condition d(1/ξS(T ))/dT = 0 [40]. This could
be done with an estimated accuracy of ±1 K. Note that the upper and lower binodal
curves are expected to meet at the respective lipid melting transition temperatures, when
extended to DMPC/DSPC 0/100 and 100/0 compositions, which is the case for the data
obtained here (see figure 4.7). The origin of the nonmonotonic behavior of the upper
binodal at DSPC mole fractions exceeding 85% remains to be explained.
To determine the position of the spinodals, the temperature dependence of 1/SS(0)
2To avoid confusion: By that, the susceptibility of the order parameter is meant. It characterizes the
sensitivity of the order parameter of the system to external perturbations.
3The offset is consistently reproduced in structure functions calculated from lattice configurations of
simulations of the Ising model on the square lattices of corresponding sizes.
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Figure 4.7. Left-hand panel: Complete phase diagram of the DMPC/DSPC lipid mixture. Lipid
state spinodal (- - - -), lipid state binodal (— — —) and lipid demixing curves (——) are con-
structed from the structure function analysis from MC simulation results. For comparison, the
empirical phase diagram is shown (cf. figure 4.3). See text for discussion. Vertical bars at 0 (a), 20
(b), 50 (c), 80 (d) and 100% DSPC (e) indicate the temperature ranges of equilibrium membrane
snapshots in the right-hand panel. Right-hand panel: Representative equilibrium configurations
obtained in MC simulations of the DMPC/DSPC system at compositions DMPC/DSPC 100/0 (a),
80/20 (b), 50/50 (c), 20/80 (d) and 0/100 (e) for a set of temperatures relative to the respective
upper binodal temperature Tt, i.e. the temperature of the phase transition from the fluid state to
gel–fluid coexistence (b, c, d) or from the fluid state to the gel state (a, e). Tt = 297.0 (a), 309.7 (b),
318.7 (c), 320.5 (d), and 328.0 K (e). Lattice size: 600× 600; scale bar: 200 lattice units ≈ 160 nm.
See text for a discussion of the different phase transition scenarios.
was extrapolated to zero crossing [40, 88]. More specifically, for every membrane com-
position, a set of typically 7 − 14 data points SS,0(T ) spanning a temperature range of
5 − 10 K above the upper binodal (or below the lower binodal, respectively) was fit to
a dependence 1/SS,0(T ) = B|1 − T/Tsp|p, where B is a constant prefactor, Tsp is the
spinodal temperature, and p = O(1). Note that for a system at criticality, the exponent
p corresponds to the critical exponent γ (see section 4.8). The accuracy in determination
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of spinodals ranges from ±1 K in the regions where they are close to binodals to ±3 K
in the regions where they depart from the binodal curves.
The resulting phase diagram in figure 4.7 shows how, interestingly, in some regions
the binodal deviates quite strongly from the phase coexistence boundary estimated from
the excess heat capacity data. This discrepancy indeed shows that the empirical phase
diagram constructed from the analysis of heat capacity data does not necessarily corre-
spond to the real phase diagram of the system. As can be seen from the snapshots of
equilibrium membrane configurations in figure 4.7, the empirical data deviate from the
binodal when the transition has a continuous character.
In order to understand why this is the case, structure functions SL(k) for the lipid
species were analyzed in a similar way as above for the SS(k) of lipid states. It turned
out, however, that two OZ components are required to describe the SL(k) data (see
figure 4.5 (b)):
SL(k) = SOZL1 (k) + SOZL2 (k). (4.2)
While the parameters of component 1 SL1(0) and ξL1 show only a weak temperature de-
pendence and reflect demixing of lipids in the same state, SL2(0) and ξL2 show a strong
temperature dependence similar to those of SS(0) and ξS, and thus describe appearance
of dynamic microscopic domains, which cannot be treated as distinct thermodynami-
cally stable phases [13]. Therefore the sets of points on the phase diagram satisfying
the condition SL1(0) = SL2(0) are defined as the lipid demixing curves (see figures 4.6
and 4.7).
The above reasoning is supported by the fact that the lipid demixing curves are in
excellent agreement with the calorimetry-based empirical phase diagram (see figure 4.7).
From the physical point of view, this means that at those temperatures the susceptibilities
responsible for the spontaneous clustering of molecules of the same lipid (irrespectively
whether they are in the fluid or gel conformation) and their clustering into a particular
membrane phase, become equal. Thus, the peak in the heat capacity, in fact, marks
the intense local lipid demixing due to transition from a single phase to a two-phase
coexistence state. Therefore, in what follows, the boundaries of the empirical phase
diagram will be referred to as the heat capacity-based lipid demixing curves.
The phase diagram in figure 4.7 is the complete state and component phase diagram.
With this at hand, the membrane phase behavior discussed phenomenologically in sec-
tion 4.2 can be explained. Only if the membrane is at a composition and temperature
that lies in the area enclosed by the binodals, will it show complete separation of the
gel and fluid phase. Since no explicit or implicit penalties are imposed [91, 96, 97] on
the domain size in the present model, and domain growth is driven by minimization of
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the line tension energy, phase separation results in formation of a single circular-shaped
domain of the minority phase (figures 4.3 and 4.7).
The dynamics that govern the domain growth after the membrane is abruptly quenched
from the fluid state to a temperature in the coexistence region will be studied in sec-
tion 4.6. The line tension associated with the boundary fluctuations of the circular-
shaped equilibrium domains will be addressed in section 4.7
The dynamic fluctuations that are observed in the region where the lipid demixing
curve strongly deviates from the binodal curve remind of near-critical fluctuations ex-
pected to take place in the vicinity of a critical point. This notion is supported by the
fact that, within the accuracy of determination, the spinodal and binodal curve touch in
a common local maximum in this region. This is expected to happen at a critical point.
In the following section this issue will be studied in more detail.
It should be remarked here, that in an earlier MC simulation study of the
DMPC/DSPC system [72] the size distributions of fluid and gel clusters was analyzed
and based on this, a conclusion was made that the phase diagram of this lipid system is
much more complicated than the one based on heat capacity data. Note, however, that
the work [72] did not discuss the possibility of the presence of a critical point in the sys-
tem. Although the quantitative results of the above paper may suffer from a very small
system size addressed (40× 40 lipid chains), on the qualitative side these conclusions are
largely in agreement with the ones drawn in the present work using different arguments.
Before concluding this section, three important points should be emphasized.
First, equilibration of the membrane within the gel–fluid phase coexistence region in
the present simulations always ultimately results in formation of a single domain of the
minority phase, surrounded by the continuous majority phase. In fact, this should be
expected in this system, because in the phase coexistence region of the phase diagram
the system evolution is driven so as to minimize the line tension energy, and, since no
explicit or implicit penalties on the domain growth are imposed in the present simulation,
a single minority phase domain should eventually be formed. On the other hand, in
cases where domains of the minority phase show a different curvature compared to the
majority phase, the curvature mismatch can result in such a penalty, which at some
point stops the growth of domains and prevents their coalescence (see, e.g., [91, 96–99]).
Therefore, the presence of a number of minority phase domains in a two-phase coexistence
region in a lattice-based simulation which does not penalize the domain growth and/or
coalescence should generally mean that this membrane configuration is still far from the
equilibrium one, and therefore, any results on diffusion of lipids (by either studying the
time dependence of the mean-square displacement or simulating results of fluorescence
correlation spectroscopy (FCS) experiments) obtained in this regime have nothing to do
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with the equilibrium properties of the membrane.
Second, a remark is necessary on the shape of the domains of the minority phase formed
as a result of phase separation after the membrane is abruptly quenched from T =∞ to
a temperature within the gel–fluid coexistence. For the minority phase content X < 1/pi
the domains always have a circular shape. For larger fractions of the minority phase,
a single circular domain is also initially formed. Notice, however, that if simulations
are carried out, as in the present paper, on a 2D square area with periodic boundary
conditions (toroidal boundary conditions), and the fraction of the minority phase is in
the range of 1/pi < X < 1/2, the complete equilibration of the system should eventually
lead to the formation of a stripe-shaped domain, whereas a circular domain represents an
extremely long-lived metastable state [100, 101]. For simulations on the L×L lattice, the
time τ required for the conversion of a circular domain to a stripe-shaped domain in case
of the Ising system strongly depends on the system size [100]: τ ∝ L2 exp(2sλL/kBT ),
where s = 0.1346... and λ is the phase interface line tension (for determination of line
tension from the simulation results, see section 4.7). Preliminary numerical experiments
showed that the behavior of the present system is consistent with the above expression,
in spite of the fact that the present system is more complicated than the Ising model. It
should be emphasized that for large enough lattices the time τ becomes extremely long:
it is estimated here as τ ∼ 1010 MC cycles for L = 400 and τ ∼ 1013 MC cycles for
L = 600.
Moreover, the stripe shapes of minority phase domains, which are expected at the mi-
nority phase content 1/pi < X < 1/2 in lattice-based simulations with periodic (toroidal)
boundary conditions, are, in fact, of little importance when simulations are directly
compared with experimental data: according to recent results based on off-lattice simu-
lations [101], the formation of a band-shaped domain is just an artifact of the toroidal
boundary conditions, and is not observed on a surface of a sphere if the particle inter-
actions are isotropic. The latter observation is somewhat obvious (at least when the
minimization of the line tension energy is the only process determining the geometry of
the minority phase domain) and generally agrees with experiments on phase separation
in giant unilamellar vesicles. In a similar way, circular domains are also expected for
supported lipid bilayers (which obviously do not have periodic boundary conditions).
Note that the present discussion is restricted exclusively to the effects of boundary
conditions in simulation studies and is not related to experimental findings for two-
component membranes, where, depending on the membrane tension, either circular-
shaped or stripe-shaped domains can be observed [102]. There, the appearance of stripe-
shaped domains is most likely related to the anisotropic orientational distribution of lipid
molecules induced by the high membrane tension.
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Third, outside and inside the gel–fluid phase coexistence region, small transient do-
mains can spontaneously form and afterwards spontaneously dissolve after very short
time intervals. These domains have a typical diameter of ∼ 10 lipids or smaller, and, im-
portantly, their average size does not change with an increase in the size of the simulation
lattice. Because of their extremely small size and short lifetime, their presence should be
of no importance for optical microscopy-based experiments, as well as for simulations of
these experiments at the experimentally relevant spatial scales and time intervals. This
issue will be discussed in more detail in section 4.5.
4.4. Spinodal, binodal and equiphase line touch in the critical point
A careful examination of membrane snapshots for different membrane compositions above
and below the binodal line, as exemplified in figure 4.7, shows that depending on the
membrane composition the two-component membranes can exhibit different phase be-
havior and the phase transition take place in two different fashions. The discussion here
shall be focused only on the behavior of the membrane around the upper binodal curve.
In the regions where the lipid demixing curve and the binodal coincide, the membrane
has a very well defined phase behavior: above the phase transition temperature, the
membrane is in the fluid state and cooling it below the phase transition leads to abrupt
gel–fluid phase separation and formation of a circular-shaped stable domain.
On the other hand, this behavior is not observed in the region where binodal and
lipid demixing curve strongly deviate. Upon cooling the membrane from the all-fluid
state to the region between the lipid demixing curve and the binodal, the membrane
shows behavior characteristic of neither the single-phase nor two-phase coexistence states.
That is, on the one hand, the membrane is not uniform anymore as in the fluid state,
while on the other hand, the fluid and gel domains are random-shaped, have sizes on
a wide range of spatial scales, and show continuous fluctuations without any signs of
nucleation and growth. The characteristic size of these domains grows as the temperature
approaches the binodal temperature. In fact, this behavior would be expected for a
system showing near-critical fluctuations close to a critical point. Upon further cooling
below the binodal temperature, a single fluid domain is formed, i.e. the membrane is in
the two-phase coexistence state. This means that, compared to the scenario discussed
above, the character of the transition is changed from the abrupt to the continuous phase
transition.
Remarkably, a qualitatively similar behavior was recently observed in experiments on
three-component lipid membranes [103] where, depending on the membrane composition,
the transition from the fluid state to the two-phase coexistence takes place either in an
abrupt manner (when the membrane does not pass through a critical point) or via critical
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Figure 4.8. Phase diagram of the DMPC/DSPC system demonstrating the presence of a critical
point. Lipid state spinodal (- - - -), lipid state binodal (— — —) and lipid demixing curves (——)
are the same as in figure 4.7. The solid cyan curve is the equiphase line which marks temperatures at
which the DMPC/DSPC membrane shows equal amounts of the fluid and gel phase Xfluid = Xgel =
0.5. The critical point is the point where the binodal, spinodal, and equiphase line touch/cross (◦).
Areas marked as “gel in fluid” and “fluid in gel” inside the two-phase coexistence region correspond
to the gel and fluid minority phases, respectively. Upon complete equilibration, the minority phase
always forms a single domain surrounded by the majority phase.
fluctuations (when the membrane does pass through a critical point).
Another strong hint at the existence of a critical point is the fact that in the corre-
sponding region of the phase diagram the spinodal very closely approaches the binodal
and they touch in a common local maximum close to DMPC/DSPC 20/80, T = 320 K.
To verify the existence of a critical point, a curve is constructed in the DMPC/DSPC
phase diagram along which the relative amount of fluid and gel content in the membrane
are equal (equiphase line), Xfluid = Xgel = 0.5. At the critical point one should generally
expect that not only the compositions of the fluid and gel phase become indistinguishable,
but also their relative contributions become equal.
This is indeed the case as one can clearly see from the result presented in figure 4.8:
the equiphase line crosses the spinodal and binodal exactly in the point where they
touch. This allows to determine the position of the critical point as DMPC/DSPC
20/80, T = (320.5± 0.5) K.
Thus, in the region of the phase diagram where the lipid demixing curve strongly de-
viates from the lipid state binodal, approaching the phase transition is accompanied by
near-critical fluctuations of the fluid and gel phases. Cooling the membrane to tempera-
tures below the phase transition leads to large-scale phase separation, and a single large
domain of a fluid or gel phase is eventually formed in a fully equilibrated membrane.
Notice that in the vicinity of the critical point, these domains show strong thermally
induced shape fluctuations due to a decrease of the line tension in the vicinity of the
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critical point (see discussion in section 4.7).
Recent studies have presented experimental evidence of the existence of a critical point
in the binary DMPC/DSPC lipid mixture. Atomic force microscopy experiments [104]
provided structural evidence of criticality in DMPC/DSPC monolayers. More interesting
conclusions were made [105–107] for DMPC/DSPC bilayers: there, the existence of a
critical point hidden within the gel–fluid coexistence region of the phase diagram has
been suggested based on small-angle neutron scattering experiments. Notice that the
critical point found find in the present MC simulation is also located within the region
of the phase diagram, where, based on the calorimetry data, the gel–fluid coexistence
would be generally expected.
In order to determine the critical temperature with a higher precision and to study
in which universality class the system is, it will be analyzed in section 4.8 how the
susceptibility and correlation length in fluctuating membranes and the line tension of
domains in phase separated membranes scale with temperature when approaching the
critical point from above and below, respectively.
4.5. Transient lipid domains cannot be treated as equilibrium phases
It has been pointed out elsewhere [13] that, when discussing phase separation in lipid
membranes, one should make a clear distinction between the thermodynamically sta-
ble phases and (usually, small) transient membrane domains statistically appearing and
disappearing in an equilibrated membrane.
In this context, it is highly interesting to check to what extent the concept of the ther-
modynamically equilibrium phases can be applied to results of the MC simulations pre-
sented in this work. This is important in view of the apparent controversy regarding the
applicability of the lever rule to the phase separation in two-component lipid membranes:
on the one hand, the recent laser scanning microscopy experiments on two-component
membranes (GUVs) [108] show that the gel and fluid domains in two-component mem-
branes do indeed correspond to equilibrium phases, and therefore the lever rule applies
to their description, on the other hand, in previously published MC simulation stud-
ies [25, 26] on the DMPC/DSPC systems the authors found out that the fluid and gel
phase in the two-phase coexistence region do not follow the lever rule (this was inter-
preted in [25, 26] as being a consequence of the fact that the gel–fluid transition in
DMPC/DSPC mixtures is not a first-order phase transition).
To resolve this contradiction, it was tested in the present study whether the binodal
curves, which were determined in section 4.4, can be successfully reconstructed by de-
termining the temperature dependence of the composition of the individual phases for
different fixed membrane compositions, which should exactly be the case if the lever rule
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(a) (b)
Figure 4.9. DMPC/DSPC phase diagram reconstructed from the analysis of the temperature-
dependent lipid compositions of the fluid and gel phases. Red and blue curves show the temperature
dependences of the lipid compositions (i.e. DSPC mole fractions) of the fluid and gel phases, re-
spectively. Each pair of a red and a blue curve corresponds to another membrane composition in
the range DMPC/DSPC 20/80...80/20. (a) Direct calculation from equilibrium membrane con-
figurations. (b) Calculation after selecting the gel and fluid phases by segmentation of the lipid
state configurations (see text for details). Additionally, the lipid state binodal (long-dashed curves)
and spinodal (short-dashed curves), and lipid demixing curves (grey solid curves) are shown (cf.
figure 4.7).
applies to the system.
Once one can clearly distinguish between the fluid and gel phases, the problem becomes
trivial and is reduced to determining the relative amounts of the two lipids in each of the
assigned membrane phases. In practice, of course, this should be carried out using only
equilibrium membrane configurations, and averaging over a number of configurations
might be required to obtain reliable results as will be discussed below.
In the analysis, it was first assumed, as it has been done in [25], that the fluid and
gel phase in a particular membrane configuration are identified with the conformational
state of the lipid: all lipids in the fluid conformation are counted as belonging to the fluid
phase, and, correspondingly, all lipids in the gel conformation are counted as belonging
to the gel phase. The results obtained from this analysis approach are presented in
figure 4.9(a). Clearly, this analysis fails to consistently reproduce the binodals of the
system, which is in qualitative agreement the previous results discussed in [25]. In the
present work, however, the interpretation of the reason why this analysis fails is different
from the one proposed in [25].
A careful examination of membrane configurations allowed to conclude that this anal-
ysis fails due to the presence of small short-lived fluid or gel domains, which, due to their
transient nature, cannot be considered as a part of the thermodynamically stable phase.
If counted as belonging to a particular phase, these domains do severely distort the phase
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ratio, as well as the lipid composition of the lipid and gel phases, and therefore lead to
a break-down of the lever rule (figure reffig:lever).
Therefore, one may suspect that, if the small transient membrane domains are excluded
from the analysis, and only the thermodynamically stable membrane phases are taken
into account, the same analysis will reproduce the binodal curves of the system with a
better accuracy.
This means that the problem boils down to defining an appropriate rule to discriminate
between small transient membrane domains and thermodynamically stable phases. It
turned out that this could be successfully accomplished by low-pass spatial filtering of
the lipid state configurations of the membrane. In particular, consistent reproducible
results could be obtained by the procedure consisting of applying a 2D Gaussian filter
with the standard deviation of σ = 5 lattice units and subsequent thresholding the result
at the 50% level.4 The lipid comosition was then determined from the numbers of lipids
partitioned in the the segmented phases. This procedure consistently reproduced the
upper and lower binodals of the system when applied to results of MC simulations with
lipid compositions DMPC/DSPC in the range from 20/80 to 80/20 (figure 4.9(b)).
The above procedure used for detection of fluid or gel phases in the membrane elimi-
nates from the analysis small domains which contain below ∼ 50 lipid molecules, which is
in agreement with the intuitive understanding that a portion of a membrane that can be
classified into a thermodynamically stable phase should consist of a number of molecules
much larger than one. The analysis presented here shows that this number is of order of
102. Domains of this size (. 10×10 nm2) are clearly below the optical resolution and are
not observable in confocal fluorescence microscopy experiments, which additionally have
a finite exposure time, thereby eliminating features fluctuating on a short time scale.
Thus, the apparent controversy between the recent fluorescence microscopy data [108]
and previously published results of MC simulations [25] is resolved if one takes into
consideration only relatively large and stable membrane domains which constitute the
thermodynamically stable phases, which is certainly the case for the domains detectable
in fluorescence microscopy experiments.
In addition, the practical procedure of carrying out the presented type of analysis
leads to quite an interesting conclusion: namely, that the binodals of the system are best
reproduced via the analysis exactly at those membrane compositions and temperatures
where the phase transition in the lipid system takes place in a quasi-abrupt manner,
i.e., when it is close by its properties to the first-order transition, that is exactly under
conditions where this analysis is expected to hold.
This section shall be concluded with the following important point: In case of a single-
4An approach based on time averaging of membrane configurations over reasonably short simulation
intervals was found to give similar results.
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lipid membrane, the phase transition also takes place via spatial fluctuations of the fluid
and gel domains (see corresponding sequences of membrane snapshots in figure 4.7).
Note, however, that those fluctuations are not related to critical fluctuations as they are
limited in both their size and lifetime. This is also evident from the Gibbs’ phase rule,
according to which, for a single-lipid system, no phase coexistence can take place either
above or below the transition temperature. In agreement with that, the results of the
present MC simulation of single-lipid membranes in the vicinity of the phase transition
show transient fluid or gel domains, similar to what was observed in a recent atomic-
scale molecular dynamics simulation study [109]. Similar to [109] it is found here that at
T = Tt + 8 K these small domains typically exist for no longer than ∼ 100 ns. Even at
the transition temperature the domains are transient and their sizes are relatively small
(∼ 100 lipids for DMPC and ∼ 20 lipids for DSPC) and, importantly, do not change with
an increase of the simulation lattice size. Remarkably, this is in a very good agreement
with results of a previous MC simulation study of a DPPC membrane using a ten-state
Pink model [110], where the mean cluster size at the transition temperature was estimated
to be ∼ 40 lipids, in agreement with experimental estimates [111]. Interestingly, this also
very well agrees with the estimate of the size of transient lipid clusters obtained above
in section 4.5.
4.6. For the growth of domains dynamic scaling is observed if the gel–fluid
ratio of the membrane is constant in time
When abruptly cooling down (quenching) a membrane from a high temperature, where
it is in the all-fluid state, to a temperature in the gel–fluid phase coexistence region
of the phase diagram, phase separation takes place, and domains of the gel and fluid
phase start to appear and coarsen with time. Studying the kinetics of membrane domain
coarsening following such a sudden temperature quench can reveal information on the
mechanisms involved in phase separation [32] and thus provide further understanding of
the microscopic membrane organization and the interplay between the conformational
(gel–fluid) state of lipids and their lateral diffusion.
Domain growth in lipid membranes upon a quench to the two-phase coexistence region
has been addressed in several experimental works on three-component [112–114] and two-
component [115] lipid membranes as well as in MC simulation studies of two-component
lipid systems [61, 116]. The author is not aware of any publication where a systematic
study of the dependence of the domain growth and dynamic scaling would be carried out
for a specific lipid mixture as a function of its composition and/or quench temperature.
In this section, this issue will be addressed based on the results of the present MC
simulation.
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As discussed in section 2.1.2, domain growth after a temperature quench to the coex-
istence region of the phase diagram can take place according to different scenarios for
which different growth dynamics and phase morphologies are expected. To study which
dynamics govern the domain growth in the present system, membranes of various com-
positions were quenched to a range of temperatures in the coexistence region and the
radial autocorrelation function G(r) (equation 3.7) was calculated for a set of times t
after the quench. The time-dependent domain size R(t) was extracted from the G(r)
data as the distance r at which the first zero-crossing of G(r) occurs. As it is exemplified
in figure 4.10, a power law domain growth is observed in the simulations with exponents
ranging from n = 1/4 to n = 1/3, in agreement with the theoretical expectations.
It should be remarked here again that the present system is different from the ones typ-
ically discussed in the literature on coarsening dynamics, where usually either conserved
order parameter or non-conserved order parameter systems are studied. The system in
the present work, however, cannot be strictly classified into either conserved- or non-
conserved order parameter case. While the lipid composition in the model system is
conserved, the fraction of phases is free to change. On the other hand, the fact that
a power law growth of domains is observed with exponents ranging from n = 1/4 to
n = 1/3, i.e. the ones characteristic for the conserved order parameter systems, suggests
that the lipid demixing plays an important part in the phase separation process.
Remarkably, by comparing the domain growth shown in figure 4.10(b) with the ex-
perimental data on domain growth in double supported bilayers [113] one finds that the
present simulations reproduce well the absolute rate of domain growth. In particular,
extrapolation of the growth law to the later times shows that it takes of order of 100 s for
the domains to grow to an average radius of ∼ 1 µm, in agreement with experiments [113].
Another interesting question to study is whether dynamic scaling [117, 118] is observed
for domain coarsening in the membrane after a quench, i.e. whether the G(r) correspond-
ing to different time instants t after the quench would collapse onto one master curve if
replotted as a function of the reduced radius r/R(t). It turned out that dynamic scaling
is observed not in all cases, but only when the total fluid fraction Xfluid of the membrane
is constant in time. The data presented in figure 4.10 demonstrate this observation.
Figure 4.10 (a-d) shows an example for a DMPC/DSPC 50/50 membrane quenched
to T = 310 K which is a close to symmetric quench to a point of the phase diagram
located deep within the region between the two spinodal curves. Except for a very short
initial growth stage the fluid fraction Xfluid remains constant during the whole domain
coarsening process. At the same time, the observed growth exponent crosses over from
n ≈ 1/4 at early times to n ≈ 1/3 at later times. This suggests that the growth first
proceeds via diffusion along the interface (n = 1/4) and later via bulk diffusion from
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(m)
317.5 K
(o)(n)
Figure 4.10. Domain coarsening in DMPC/DSPC 50/50 (a-d), 20/80 (e-h), 20/80 (i-l) and 70/30
(m-p) membranes after a temperature quench from T = ∞ to T = 310, 317.5, 310, and 302 K,
respectively. (a, e, i, m) Non-equilibrium configurations of the membrane at times t = 104 , 105,
and 106 MC cycles after the quench. Lattice size: 400× 400; scale bar: 150 lattice units ≈ 120 nm.
(b, f, j, n) Time dependence of the characteristic domain size R(t) (black curves); thin black lines
represent power laws with the exponent of 1/3 and 1/4. Also shown are the time dependences of
the total fluid fraction Xfluid(t) (green/gray/red curves); the time intervals where Xfluid(t) ≈ const
are marked by the green and red colors, while the time intervals where Xfluid(t) 6= const are plotted
in gray. (c, g, k, o) Radial autocorrelation functions G(r) for a set of times (stated in panels (d, h,
l, p)) after the quench. (d, h, l, p) Same as (c, g, k, o), respectively, replotted as a function of the
reduced distance r/R(t) to demonstrate that dynamic scaling is observed when Xfluid(t) ≈ const;
the colors of the curves at different time instants are chosen to correspond to those of Xfluid(t).
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smaller evaporating domains to larger ones (n = 1/3). This behavior can, in fact, readily
be observed from the time series of snapshots from the simulation. Dynamic scaling of
G(r) is observed for the whole time interval where Xfluid(t) = const.
In figure 4.10 (e-h) an example for a DMPC/DSPC 20/80 membrane that was quenched
to T = 317.5 K is shown. Here, the amounts of the fluid and the gel phase are clearly
not equal, i.e., in situation an asymmetric quench is observed and, unlike in the former
example, the phase morphology is not expected to be bicontinuous. The mean domain
size initially grows with an exponent of n ≈ 1/4, in agreement with the observed domain
growth via the coalescence mechanism at early times. At later times it crosses over to
n ≈ 1/3, due to the domain growth via the evaporation of smaller domains. The total
fluid fraction in the membrane is nearly constant for up to t ≈ 2 × 104 MC cycles and
the G(r) shows dynamic scaling in this time range. At later times t ≈ (0.5−1)×106 MC
cycles the fluid fraction changes – most probably due to the rearrangement of lipids
between the fluid and gel phases – and no dynamic scaling is observed. Finally, at even
later times t > 2×106 MC cycles the fluid fraction becomes constant again, and dynamic
scaling is again observed.
A very similar behavior is observed for a quench of a DMPC/DSPC 20/80 membrane
to T = 310 K (figure 4.10 (i-l)): there, also two scaling regimes are observed, both
for time intervals where the fluid fraction of the membrane is constant, i.e. at times
t . 5× 104 MC cycles and t & 1× 106 MC cycles. No dynamic scaling is observed at the
intermediate times when the fluid fraction of the membrane is changing. Notice that,
unlike in the former two examples, the mean domain size grows as R(t) ∼ t1/4 for the
whole time range that was studied.
Figure 4.10 (m-p) shows the results for domain coarsening in a DMPC/DSPC 70/30
membrane quenched to T = 302 K. The mean domain size R(t) shows a behavior quali-
tatively similar to the first example of the DMPC/DSPC 50/50 membrane, quenched to
T = 310 K, and grows with an exponent that crosses over from n ≈ 1/4 at early times
to n ≈ 1/3 at later times, in agreement with the behavior observed from a time series of
membrane snapshots. Nevertheless, no dynamic scaling is observed in this case. Notice
that the total fluid fraction under these conditions keeps changing over the whole time
interval covered by the MC simulation. Remarkably, this change in the fluid fraction
also changes the morphology of the phases. While the early stage is characterized by the
appearance and growth of fluid droplets, at the later stage, when the fluid fraction grows
to a value close to 0.5, the phase morphology changes to bicontinuous.
One can thus conclude that this intriguing behavior reflects a complex interplay be-
tween the gel–fluid phase separation and lipid demixing processes. The equilibration of
the total fluid fraction also needs lipid rearrangement via lateral diffusion of lipids, and
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the timescale of this process depends on the particular point in the phase diagram. This
can serve as a potential explanation for the discrepancy in the experimental data on do-
main growth dynamics in lipid bilayers giving growth exponents from n ≈ 1/3 [112, 113]
down to n ≈ 0.15 [114]5. The evolution of the total fluid fraction with time after the
membrane quench to the two-phase coexistence region was previously observed in simu-
lations [61, 116], and it was suggested on a qualitative level that non-equilibrium effects
may influence the dynamics of phase separation on various length and time scales. The
results presented in this section clearly show that, indeed, the dynamic scaling can be
strongly affected by these non-equilibrium phenomena.
In this context it is interesting to mention a recent simulation study [119] which showed
that the presence of hydrodynamic interactions both within the membrane and in the
surrounding solvent can lead to the breakdown of dynamic scaling upon spinodal decom-
position in lipid mixtures with a critical composition. The results in the present work
thus point to an alternative mechanism which can lead to the breakdown of dynamic scal-
ing in phase-separating membranes, which is related to the lateral redistribution of the
membrane components. It can be assumed that in experimentally realizable situations
both of the effects should be present and may enhance each other.
Further insight into these issues might be gained by applying the theory of non-
equilibrium phase transitions and aging [118] and by comparing the outcome of the
simulation results with outcomes of appropriately designed experiments.
4.7. Line tensions are calculated from the Fourier spectrum of domain
contour fluctuations
As discussed in in the above sections, DMPC/DSPC membranes at compositions and
temperatures corresponding to the gel–fluid phase coexistence region of the phase di-
agram always display circular-shaped domains6. This fact can be attributed to the
presence of an effective line tension between the fluid and the gel phase. The fully equili-
brated system shows a complete separation of the two phases, and only a single domain
of the minority phase remains surrounded by the majority phase, which corresponds to
minimization of the perimeter of the phase interface, which is driven by minimization of
the line tension energy.
Recent experimental studies have shown the importance of the concept of line tension
5It should be pointed out here that a careful reanalysis of the results published in [114] shows that that
the late-stage growth kinetics exhibits the exponent close to 1/4, rather than 0.15 reported by the
authors.
6As discussed in section 4.6, for a minority phase content in the range of 1/pi < X < 1/2 the true
equilibrium shape of the domain is a stripe while the circular domain represents a metastable state.
On the other hand, for the large lattice sizes addressed in the present work, this metastable state is
extremely long-lived and the circular-shaped domains persist for the whole simulation run.
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Figure 4.11. Schematic overview of the procedure to obtain the line tension of domains from
snapshots of the MC simulation. Domains are centered and segmented in order to detect the
domain boundary. The line tension λ is extracted from the (time averaged) power spectrum 〈|un|2〉t
of domain contour fluctuations r(φ, t)−R0. See text for details.
for phase separation in lipid membranes for both liquid–liquid coexistence in ternary lipid
mixtures [91–93, 96, 112, 120–122] and gel–fluid coexistence in binary lipid mixtures [102,
123–127]. The importance of line tension in gel–fluid phase separation was pointed out
already more than 15 years ago in a lattice-based simulation study [61], although that
study did not address the line tension in a quantitative way. Furthermore, recent non-
lattice-based simulations have also addressed the issue of line tension between the gel
and fluid phases [44, 45].
The membrane domains show thermally-excited shape fluctuations, as it can be clearly
seen in the representative membrane snapshots in figures 4.3, 4.7, and 4.12(a–f). The
values of the line tension between the fluid and gel phases in the membrane can be
obtained from the fluctuating domain shapes by the procedure described in section 3.3.2.
One of the important requirements of this analysis is that the domain area is constant.
Note, however, that unlike for the lipid composition of the membrane, which is fixed
for each MC simulation run, the relative amount of the gel and fluid phase at a fixed
temperature and membrane composition in an equilibrated membrane is conserved only
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(a) (b) (c)
(d) (e) (f)
(g)
Figure 4.12. (a-f) Representative equilibrium membrane configurations obtained in MC simula-
tions of DMPC/DSPC 20/80 membranes at T = 310 (a), 314 (b), 315.5 (c), 317.5 (d), 318.5 (e),
and 319.5 K (f). Lipids in the fluid and gel conformational state are represented as white and
black pixels, respectively. Domain boundaries determined from blurring and thresholding of the
images (see text for details) are shown in red (wider than one pixel, for visual clarity). Lattice size:
400 × 400; scale bar: 150 lattice units ≈ 120 nm. (g) Line tensions calculated from the Fourier
spectrum of domain contour fluctuations (•) along with a linear fit of the high-temperature part of
these data (- - - -) giving an estimate of the critical temperature Tc = (320.5± 0.4) K.
on average. This leads to the domain area also being subject to fluctuations. It turned
out, however, that the magnitude of the area fluctuations is rather low (typically, below
3%), which allows one to consider the domain area as effectively constant and thus to
extract the line tension from the analysis of fluctuating domain contours.
An overview of the practical implementation of this procedure is presented in fig-
ure 4.11. To determine the contours of the fluctuating domains, snapshots of the mem-
brane reflecting only the conformational state of lipids (see figure 4.12 (a–f)) were first
segmented (as done in section 4.5) by applying low-pass filtering (convolution with a 2D
Gaussian with σ = 5 lattice units) and subsequently thresholded at the 50% level. A set
of contours (typically, 200 − 500 contours) was analyzed using the procedure described
section 3.3.2 to extract the energies of the Fourier modes of domain fluctuations, and
ultimately the values of the line tension corresponding to these modes.
The low-pass filtering procedure employed for determination of domain contours sup-
presses the contributions of the higher-order fluctuation modes. Therefore, only the first
m modes satisfying the condition m < pi 〈R〉/(6σ) were used for determination of the
line tension. Here, 〈R〉 is the mean domain radius. This typically amounted the first 10
to 20 modes, depending on the domain size, that could be used for the line tension.
Away from the critical point, the line tension of membrane domains obtained from
the MC simulation data is about 2 pN (figure 4.12(g)). Remarkably, this value is in
agreement with experimental values of a few pN reported for membranes with various
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lipid compositions, including binary lipid mixtures exhibiting gel–fluid coexistence [125]
and ternary lipid systems showing fluid–fluid phase coexistence [91–93, 96, 112, 120–122].
Moreover, the value of 2 pN is in good agreement with the line tension expected [112]
for the experimentally measured height mismatch of ∼ 0.9− 1.3 nm between the gel and
fluid phases in DMPC/DSPC membranes [128, 129]; it also agrees well with the value
obtained in another binary lipid system showing gel–fluid coexistence with a similar hight
mismatch [125].
At the critical membrane composition DMPC/DSPC 20/80, upon heating the mem-
brane towards the critical temperature, the line tension approaches zero (figure 4.12 (g)),
as it is generally expected [130] (see next section for a more detailed discussion of the
behavior of the membrane in the vicinity of the critical point). On the other hand, for
lipid mixtures displaying a quasi-abrupt phase transition (i.e., compositions with the
DSPC fraction of ∼ 50% and below in the high-temperature part of the phase diagram)
the line tension does not gradually approach zero as the phase transition temperature
is approached (data not shown7), which is in agreement with the behavior illustrated in
figure 4.7.
4.8. When approaching the critical temperature, line tension, inverse
susceptibility, and inverse correlation length vanish
Upon approaching the critical point, many parameters of a thermodynamic system will
either tend to zero or diverge as some power of |T − Tc| [88, 131]. These powers are
known as critical exponents. For example, the correlation length of fluctuations and
order parameter susceptibility in a supercritical system diverge upon approaching the
critical point with the critical exponents ν and γ, respectively [88].
A system showing criticality can be assigned to a so-called universality class: systems
in the same universality class share the same set of critical exponents and thus show
the same (universal) behavior in the vicinity of the critical point. This means that close
to the phase transition particular microscopic details of a system become unimportant,
and its behavior is governed by a small number of features, such as dimensionality and
symmetry. One prominent example is the 2D Ising universality class, i.e. the class of
systems showing the same temperature scaling behavior as the 2D Ising model. For
example, for the 2D Ising system ν = 1 and γ = 7/4.
Determining the temperature dependencies of the accessible thermodynamic quantities
therefore allows to i) confirm the existence of a critical point, ii) determine its position
7Qualitatively, this can be seen from the membrane snapshots in figure 4.7: The shape of the domains
for compositions far from the critical one stays circular all the time as the transition temperature
is approached. At temperatures very close to the transition, the domains become too small to be
analyzed by the method described here.
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Figure 4.13. (a-f) Representative equilibrium membrane configurations of the DMPC/DSPC
20/80 lipid mixture at T = 320.7 (a), 321.0 (b), 321.5 (c), 322.5 (d), 324.0 (e), and 328.0 K (f)
obtained in MC simulations. Lipids in the fluid and gel conformational state are shown with white
and black, respectively. Lattice size: 400× 400; scale bar: 150 lattice units ≈ 120 nm. (g) Inverse
correlation lengths (N) and inverse amplitude of the structure function (). A linear fit of the
temperature dependence of the inverse correlation length (- - - -) gives an estimate of the critical
temperature Tc = (320.8± 0.1) K.
with a high accuracy, and iii) to test in which universality class the system of interest is.
For the present MC simulation the relevant quantities that can be obtained from the
analysis of the membrane configurations are the line tension of domains in phase sepa-
rated membranes (see section 4.7) as well as the correlation length and order parameter
susceptibility of supercritical membranes (see section 4.3).
When approaching a critical point from the two-phase coexistence side, one should
generally expect that the line tension vanishes according to the following law [130]:
λ(T ) ∼ (1− T/Tc)µ. (4.3)
This is indeed what can be observed in the case of the DMPC/DSPC 20/80 mixture
(figure 4.12): the line tension λ vanishes as the critical temperature Tc is approached
and can be well described by a linear dependence λ(T ) ∼ (1−T/Tc). The linear fit yields
Tc = (320.5± 0.4) K.
Correspondingly, one should expect that the inverse correlation length and inverse
amplitude of the structure function (proportional to the inverse order parameter sus-
ceptibility) calculated from the MC simulation results should vanish close to the phase
transition as
ξ−1(T ) ∼ (T/Tc − 1)ν (4.4)
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and
S−10 (T ) ∼ (T/Tc − 1)γ . (4.5)
The temperature dependencies of ξ−1 and S−10 for the DMPC/DSPC 20/80 mixture
are plotted in figure 4.13. Indeed, when the system is gradually cooled down to approach
the two-phase gel–fluid coexistence region, both quantities tend to zero. A linear fit of the
ξ−1(T ) dependence yields an estimate of the critical temperature of Tc = (320.8±0.1) K.
Note that this estimate of Tc agrees very well with the above estimate from the linear fit
of λ(T ) and reproduces well the position of the critical point estimated from the analysis
discussed in section 4.4 and depicted in figure 4.8.
In order to more precisely determine the critical temperature, as well as the critical
exponents of the system, the three temperature dependences discussed above can be si-
multaneously fit to equations (4.3), (4.4), and (4.5) with a common critical temperature
Tc. The results of this fit are shown in figure 4.14. The estimate of the critical tem-
perature is again close to the above values: Tc = (320.5 ± 0.2) K. The estimates of the
critical exponents obtained in this fit are as follows: µ = 1.17 ± 0.04, ν = 0.97 ± 0.05,
and γ = 2.94± 0.05.
As discussed above, different physical systems often show the same set of critical expo-
nents, and in this case are said to belong to the same universality class. It was suggested
recently that three-component lipid membranes close to the critical point might belong
to the 2D Ising universality class [103, 120]. For 2D systems in the Ising universality class
the critical exponents take the following values [88, 131]: µ = 1, ν = 1, and γ = 7/4.
While the shared fit in figure 4.14 gives the estimates of the exponents µ and ν (1.17±0.04
and 0.97± 0.05, respectively) close to those expected for a 2D Ising model, the estimate
of the exponent γ (2.94 ± 0.05) absolutely does not match the predictions for the 2D
Ising model.
This strong discrepancy of the exponent γ from the Ising model-based expectations
can be explained by the fact that the system is different from the Ising model in one
important aspect: while the Ising system above the phase transition is characterized
by a zero average magnetization (on average equal numbers of up and down spins, or
black and white pixels in a graphic representation), the membrane with the critical lipid
composition, having an equal amount of lipids in the fluid and gel conformations at the
critical point (i.e., having a zero magnetization in terms of the Ising model), very fast
transforms into the all-fluid state with increasing the temperature (i.e., in terms of the
Ising model, its absolute average magnetization tends to 1).
Based on this behavior, one can thus conclude that, generally, multicomponent mem-
branes should not necessarily show the Ising criticality. On the other hand, if the amounts
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Figure 4.14. When approaching the critical Temperature, the line tension, the inverse suscepti-
bility, and the inverse correlation length vanish. (a) Representative equilibrium configurations of
DMPC/DSPC 20/80 membranes above the critical temperature (arrow 1©, from top to bottom):
T = 328.0, 324.0, 322.5, 321.5, 321.0, and 320.7 K and below the critical temperature (arrow
2©, from bottom to top): T = 310, 314, 315.5, 317.5, 318.5 and 319.5 K. (b) Phase diagram of
DMPC/DSPC (cf. figure 4.8) with arrows 1 and 2 indicating the temperature ranges of membrane
configurations in panel (a). (c) Line Tension λ(T ) (◦), inverse susceptibility S−10 (T ) (uunionsq) and inverse
correlation length ξ−1(T ) (M) as a function of temperature along with fits to power law dependences
(equations 4.3, 4.5 and 4.4). The global fit of the three dependences yields the following estimates
for the critical temperature and the critical exponents: Tc = (320.5 ± 0.2) K, µ = 1.17 ± 0.04,
ν = 0.97± 0.05, and γ = 2.94± 0.05
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Figure 4.15. Temperature dependencies of the inverse amplitudes of structure functions
S−1(k = 0) calculated for the distribution of fluid (O) and gel conformational state (M) as well
as for the lipids (◦) (rescaled by a factor to match the values S−1f (k = 0)) along with the depen-
dence of the quantity X−1g −2 to explain the asymptotic behavior of the S−1f (k = 0) at temperatures
away from the critical point. S−1g (k = 0) scales with γ = 1.75±0.03 (blue line), X−1g −2 scales with
an exponent κ = 1.49 ± 0.02 (black line) and S−1f (k = 0) asymptotically scales with γ + κ = 3.24
(red line). Since DMPC molecules are mostly partitioned into the fluid regions, S−1L (k = 0) shows
the same temperature scaling as S−1f (k = 0).
of lipids in the fluid and gel states both stay close to 0.5 within a wide temperature range
around a critical point, one can indeed expect to observe critical behavior close to that
of the Ising model. It would be interesting to check experimentally whether this condi-
tion holds for three-component model membranes and giant plasma membrane vesicles
whose behavior close to the critical point was recently reported to follow the Ising criti-
cality [103, 120].
In order to study the issue of the universality class in more detail and provide an
explanation of the temperature dependences of susceptibilities discussed above, one has
to first have a closer look at the definitions of the spatial autocorrelation function G(r)
and structure function S(k) involved in the calculation of the membrane order parameter
susceptibility.
As discussed in section 4.3, S(k) is calculated separately for either the distribution of
lipids on the lattice or for the distribution of lipid conformational states (irrespectively
of their lipid species). That is, in both cases one effectively deals with a two-component
system. In general, when considering a lattice, each node of which is occupied by either of
two components, A and B, the fraction XB of particles B on the lattice can be calculated
from the fraction XA of particles A, XB = 1−XA, and the structure functions calculated
for components A and B will differ only by a factor
SB =
XA
XB
SA =
XA
1−XASA. (4.6)
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Note that, in order to ensure this, one has to appropriately choose the prefactor of the
pair correlation function g(r) (see equation 3.6) to provide its correct behavior in the
limit of large separations lim
r→∞ g(r) = 1.
When considering a two-component system where the fractions XB and XA are con-
stant (as for, e.g., the Ising model above the phase transition), it therefore does not
matter for which component the structure functions are calculated and the S0(T ) will
show the same temperature scaling for components A and B.
The susceptibilities discussed in the beginning of this section were calculated for the
spatial distribution of the fluid conformational state of lipids, which is obviously moti-
vated by the fluorescence microscopy experiments where, typically, the fluorescent marker
partitions in the fluid parts of the membrane. Note that the fluid fraction Xf of the
membrane is not constant but changes with temperature: Xf = Xf(T ). This leads to an
interesting situation where the relation in equation 4.6 takes the following form
Sf(k, T ) =
Xg(T )
1−Xg(T )Sg(k, T ). (4.7)
This means that the susceptibilities of the distribution of gel and fluid lipids χg and
χf (proportional to Sg(k = 0) and Sf(k = 0), respectively) should, in principle, show
a different temperature scaling, if the ratio of fluid and gel content of the membrane
changes in the analyzed temperature range. The results for Sf(k = 0) and Sg(k = 0)
presented in figure 4.15 show that this is exactly the case for the DMPC/DSPC system
above the critical point.
Note that the inverse amplitudes S−1g (k = 0) of the structure functions calculated for
the gel state of the membrane show the temperature dependence expected for the Ising
universality class, i.e. a power law dependence with the exponent γ = 1.75± 0.03.
This is a very interesting result for two reasons. First, to the best of the authors
knowledge, the general issue of the temperature dependence of the susceptibility of a
supercritical system with a temperature-dependent particle concentration has not been
explicitly discussed before8. Second, specifically for the case of lipid membranes and
the present simulation, it is interesting that it is the distribution of the gel lipids that
shows the exponent γ expected for the Ising universality class. In general, as discussed
above, one would most likely not consider to calculate the gel structure functions results
of fluorescence-based experiments, as the fluorescence signal usually stems from the fluid
parts of the membrane. The present discussion, however, leads to the conclusion that,
when carrying out this type of analysis for experimental lipid systems, it should be
8Note that, even for the Ising system with a non-conserved order parameter, the (time-averaged) relative
fractions of the up and down spins on the lattice do not change above the phase transition X+ =
X− = 0.5
67
4 Results
# of gel neighbors
of tracked DSPC molecules
# of gel neighbors
of tracked DMPC molecules
(a) (b)
Figure 4.16. Local lipid conformation environment of DSPC (a) and DMPC (b) molecules diffus-
ing in a DMPC/DSPC 20/80 membrane at T = 321 K.
carefully checked whether the gel–fluid (or ordered–disordered) ratio in the membrane
is constant in the analyzed temperature range. If this is not the case then one should
analyze the temperature dependence of the susceptibilities of both phases.
Note that due to the fact that the critical composition is strongly asymmetric
(DMPC/DSPC 20/80) with much lower amounts of the low-melting lipid DMPC in
the membrane, practically all of the DMPC molecules are in the fluid state in the super-
critical membrane (figure 4.16). This should lead to similar temperature dependencies of
the susceptibilities calculated for DMPC and for the fluid lipids. The results presented
in figure 4.15 show that this is indeed the case – by rescaling the results for lipids with
an appropriate factor (note that due to the fixed lipid ratio equation 4.6 holds for the
lipids), the data very well reproduce the results calculated for the fluid lipids.
4.9. (Near-)critical fluctuations can lead to transient anomalous
subdiffusion of lipid molecules
While at higher temperatures, away from the phase transition and the near-critical fluc-
tuations region, the membrane is in the homogeneous all-fluid state, and, as should be
expected in this case, lipid diffusion is normal (figure 4.17), this picture changes upon
approaching the critical point in the region of near-critical fluctuations where interpen-
etrating fluctuating domains form in the membrane. The analysis of the immediate
environment of the DMPC and DSPC lipids (figure 4.16) shows that the DSPC lipid
does not have a pronounced preference for the state of its local environment and there-
fore is evenly distributed between fluid and gel domains. The DMPC lipid, on the other
hand, shows a strong preference for the fluid local environment and is thus predomi-
nantly partitioned into fluid domains. Under these conditions, the DSPC lipid shows no
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Figure 4.17. Effect of the supercritical state of the membrane on diffusion of DMPC lipids in a
DMPC/DSPC 20/80 membrane. Mean-square displacement MSD(τ) (a), local exponent βMSD(τ)
(b), time-dependent diffusion coefficient D(τ) (c). Panels (a) – (c) top to bottom: T = 328, 322,
and 321 K. Panel (d): FCS autocorrelation functions G(τ)/G(0) for T = 328 (left) and 321 K
(right) (for visual clarity, data for 322 K are omitted) along with fits to the FCS diffusion model
Eq. (3.16) giving βFCS = 1.01 at 328 K and βFCS = 0.86 at 321 K (– – –). For comparison, a
fit of 321 K data with fixed βFCS = 1.0 is shown (- - -). Snapshots on the righthand-side show
representative equilibrium membrane configurations at the respective temperatures.
significant deviation from the normal diffusion behavior (data not shown). By contrast,
quite unexpectedly, the DMPC lipid was found to demonstrate very pronounced anoma-
lous subdiffusion (figure 4.17). No difference between time- and ensemble-averaged MSD
(equation 3.13) and time-only- and ensemble-only-averaged MSDs beyond the statistical
error level was observed.
At a first glance, this subdiffusive behavior is rather surprising, especially in the light
of the seminal work by Kawasaki [132] demonstrating that the diffusion coefficient of a
two-component mixture does not vanish upon approaching the critical point, which im-
plies normal diffusion, at least in the long-time asymptotic regime. A closer look at the
data shows, however, that the subdiffusive behavior is in fact transient, though it covers
several orders of magnitude in time, and at longer times a cross-over to normal diffusion
takes place. One can also notice that at very short time lags, diffusion is normal as well.
This behavior is also evident from the plots of the local exponent βMSD(τ) and effec-
tive time-dependent diffusion coefficient D(τ) extracted from the MSD(τ) dependences
(figure 4.17 (b, c)).
In order to explain this cross-over from normal diffusion to a subdiffusive behavior and
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back to normal diffusion at long times, one has to take into account the fact that the
DMPC molecules are preferentially partitioned in the fluid phase (figure 4.16). By having
a look at the corresponding membrane snapshots (figure 4.17), it can be concluded that
the DMPC molecules diffuse on a dynamically rearranging fractal-like fluid phase pattern
when the membrane exhibits near-critical fluctuations. Therefore, at early times, when
the DMPC molecule explores its immediate environment, normal diffusion should take
place. Later, but still at times shorter than a characteristic time of rearrangement of
this dynamic fractal-like structure, the motion of DMPC lipid molecules is subdiffusive,
similar to what is expected in case of diffusion on fractal-like percolation clusters [133]. At
much longer times, evolution of these clusters leads to dynamic percolation behavior (see,
e.g., [134]), which results in a crossover from the subdiffusive motion to normal diffusion
(but with a lower diffusion coefficient than for the short-time regime). Therefore, in
contrast to diffusion on static percolation clusters, where cross-over to normal diffusion
occurs only above the percolation transition [133], in the case of lipid diffusion in a near-
critical membrane, cross-over to normal diffusion will always take place irrespectively of
whether the fluid phase is above or below the percolation threshold.
The subdiffusive behavior of DMPC molecules in the near-critical membrane is also
clearly observed in simulations of FCS experiments (figure 4.17 (d)). Upon approaching
the critical point of the system, the autocorrelation functions of fluorescence intensity
fluctuationsG(τ) progressively stronger deviate from the dependence expected for normal
diffusion (i.e., equation (3.16) with βFCS = 1). A good description of G(τ) data in
this case can only be obtained with βFCS < 1. For example, it is found that for the
DMPC/DSPC 20/80 mixture at T = 321.0 K the best fit is obtained with βFCS = 0.86
(figure 4.17 (d), and a smaller βFCS = 0.79 is required to fit G(τ) at T = 320.7 K, which
is closer to the critical point (data not shown).
This new important result of the present work can be summarized as follows: transient
anomalous subdiffusion spanning several orders of magnitude in time can be observed
in a system close to its critical point. It is emphasized here that the appearance of the
transient subdiffusive behavior in the region of near-critical fluctuations is not related to
any specific properties of the system and should be observed close to criticality in various
systems independent of their physical nature, including, of course, multicomponent lipid
membranes.
To conclude this section, this result shall be put in perspective with conclusions made
in previous studies.
It is well established that phase separation in lipid bilayers produces domains with
typical sizes ranging from a few to several tens of micrometers (provided that there are
no restrictions on the domain growth). In agreement with that, in the present simulations
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it is observed that within the coexistence region an equilibrated membrane always shows
complete phase separation resulting in a single circular-shaped domain of the minority
phase. Therefore, in this case, the only reasonable way to carry out FCS measurements
requires parking the detection spot into the bulk of the majority phase away from the
inter-phase boundary, or into the center of the minority phase domain. Exactly this
approach is used in experimental FCS studies on membranes showing large-scale phase
separation (see, e.g., [135–137]). Not unexpectedly, this approach results in normal
diffusion in both phases with phase-dependent diffusion coefficients. This behavior is
also what is observed in the simulations of the present work (data not shown).
In contrast to that and quite surprisingly, an MC simulation study of Hac et al. [27]
reported FCS curves strongly deviating from the normal diffusion model exactly in the
phase coexistence region, i.e., where large-scale phase separation takes place. These
results were attributed by the authors of [27] as resulting from subdiffusive motion of
lipids, which is in contradiction with the macroscopic phase separation in the system.
This seeming contradiction is resolved upon careful examination of the approach to sim-
ulations in [27]. There, the diameter of the FCS detection spot was approximately equal
to the simulation box size. In this case, the FCS detection spot covers effectively the
whole simulated membrane, and, even in the presence of large-scale phase separation,
motion of lipids in both fluid and gel phases contributes to the FCS results, which ex-
plains deviations of FCS curves from the normal diffusion model observed in [27] in the
gel–fluid phase coexistence region and rule out the interpretation of these results in terms
of subdiffusion. Moreover, the situation simulated in [27] is very unlikely for experiments
on single lipid bilayers within the phase coexistence region, where membrane domains
typically have radii of a few to several tens of micrometers, whereas the typical FCS
detection spot size is ∼ 200 nm for the standard FCS [94], and down to 25 nm for STED
FCS [95].
Another previous lattice-based simulation study [67] should be mentioned here. There,
the character of lateral diffusion of lipid molecules in DMPC/DSPC 50/50 membranes
was addressed and, in agreement with the present results, diffusion is normal at T >
320 K, i.e. in the all-fluid membrane state (cf. figure 4.7). On the other hand, it was
reported in [67] that within the temperature range T = 300− 320 K (i.e. exactly where
the large-scale phase separation for this lipid composition takes place – see figure 4.7)
deviations from the normal diffusion were observed, which was interpreted as subdiffusive
motion of lipids. As in [27], the spatial scales on which deviations from normal diffusion
were observed in [67] approach the system size. Hopping of lipid molecules between the
macroscopic gel and fluid domains definitely leads to deviations from normal diffusion
at these large observation scales, although these deviations can hardly be interpreted in
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terms of anomalous subdiffusion. Both studies thus suffer from an insufficient size of the
simulation lattice.
On the other hand, the results presented in the present work unambiguously show that
local component and phase fluctuations in a near-critical membrane lead to the transient
anomalous subdiffusion spanning several orders of magnitude in time. Under suitable
experimental conditions, this subdiffusive behavior should be observable experimentally
using, e.g., the (STED) FCS technique.
4.10. Membrane–membrane-skeleton interaction affects the phase behavior
and the lipid diffusion character
In order to be more biologically relevant in terms of discussing the diffusion in cell lipid
membranes, the interaction of the lipid membrane with an underneath filament network is
introduced in this section. The network, representing the membrane skeleton of the cell,
interacts with the membrane at the so-called pinning sites, as described in section 3.2.5.
In the cell membrane, this corresponds to the transmembrane proteins that anchor the
cytoskeleton to the membrane. Note that the rule that was chosen here to model the
membrane–cytoskeleton interaction (a lipid at a pinning site is forced to assume the
gel state) is very mild and does not impose any direct restrictions on the mobility of
the lipids. It is motivated by the fact that transmembrane proteins, in order to shield
their hydrophobic core from the aqueous environment would be wetted by lipids of a
corresponding length.
It was first studied how the interaction of the membrane with the membrane skeleton
affects the phase behavior of the membrane. When abruptly cooling down the membrane
from the all-fluid state to a temperature in the gel–fluid coexistence region of the phase
diagram, phase separation takes place, and domains of the fluid and gel phase start to
nucleate and coarsen with time. As discussed in section 4.6, in a free membrane, domains
grow according to the power law R(t) ∼ tn. In a finite-size system with a linear dimension
L, domain coarsening eventually stops, and a single circular-shaped domain is produced
with the radius R∞ ' (X/pi)1/2L, where 0 < X < 1/2 is the fraction of the minority
phase9.
Remarkably, the presence of the membrane skeleton, on the other hand, strongly in-
hibits or even eventually prevents large-scale phase separation in the phase coexistence
region (Fig. 4.18). As a result, the typical radius of the membrane domains in this case is
largely determined by the characteristic compartment radius Rcomp ' `/2 of the filament
9As discussed in section 4.6 in the present simulation on a square lattice with periodic boundary con-
ditions this corresponds to the extremely long-lived metastable state which, in turn, corresponds to
the situation found in real phase-separated membranes
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Figure 4.18. Effect of the membrane–membrane-skeleton interaction on the phase separation in a
DMPC/DSPC membrane. Representative snapshots of membrane configurations are shown for the
free membrane (first row) and membrane interacting with a network of filaments at 100% (second
row), 50% (third row) and 25% linear pinning density (fourth row) at the indicated compositions
and temperatures. Snapshots for the free membrane, as well as for the membrane interacting with
filaments at T = 321 and 322 K, represent fully equilibrated configurations; snapshots for the
membrane interacting with filaments at T = 310 and 317.5 K correspond to equilibration time of
6 × 106 MC cycles (see text for discussion). For presentation purposes, the filaments are drawn
thicker than they are in reality. Lattice size: 400× 400; scale bar: 125 lattice units ≈ 100 nm.
meshwork. The way that the interaction of lipid molecules with filaments at their pin-
ning sites is accounted for here is similar (but not identical) to a theoretical model which
implies the presence of static random position-dependent perturbations in a 2D system
of spins (i.e. the random-field Ising model [138]). This model predicts that the initial
power-law domain growth R(t) ∼ tn is strongly slowed down at intermediate stages, and
eventually crosses over to an extremely slow logarithmic growth R(t) ∼ log t; the domains
are expected to reach the perturbation strength-dependent maximum size R′ < R∞ in
an exponential time to create an equilibrium disordered state [139, 140]. In the present
system, the perturbation strength is determined by the filament pinning density and the
average compartment radius Rcomp. Therefore, if the interaction of the membrane with
the cytoskeleton is strong enough, and R∞2  R2comp, one can expect that the domain
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Figure 4.19. The interaction of the membrane with the membrane skeleton prevents large scale
phase separation. Kinetics of domain growth in a DMPC/DSPC 50/50 membrane abruptly cooled
from the all-fluid state down to T = 310 K in the gel–fluid phase coexistence region when the
membrane is free (upper curve) and in the presence of membrane skeleton with the filaments pinning
density of 50% (lower curve). Domains in the free membrane grow according to the power law
dependence R(t) ∼ tn with n = 0.32 (——). In the presence of membrane skeleton, domains
initially grow fast and at intermediate times cross over to a slow logarithmic growth R(t) ∼ ln t
(- - - -). Representative membrane configurations obtained in MC simulations at time instants 104,
105, and 106 MC cycles are shown at the corresponding curves. Lattice size: 400× 400.
growth stops when domains reach the characteristic size Rcomp . R′ < R∞.
Indeed, as can clearly be seen from the results presented in figure 4.19, an extreme
slowing down of the domain growth in the presence of the membrane skeleton and cross-
over to the slow logarithmic growth is observed. As is evident from the figure, at the end
of a simulation run of 6×106 MC cycles, the domain sizes are indeed R(t) ∼ Rcomp. Note
that, although some growth is still observed at this stage, it is so slow, that it is unclear,
whether the system will evolve toward a disordered equilibrium state featuring a number
of small domains, as suggested in [139, 140], or the slow logarithmic growth will continue
further to produce eventually (after an extremely long time) a single domain with the
size R∞. On the other hand, it is clear that the time required for complete equilibration
is so long, that from the practical viewpoint one can indeed state that the presence of
the membrane skeleton prevents large-scale phase separation in the membrane. This
becomes especially clear if one takes into account the fact that a membrane in a live cell
is not in the equilibrium but rather in a steady-state, and a number of other processes
affecting the membrane state and composition, such as, e.g., lipid recycling, take place
in parallel on different spatial and time scales.
Thus, the cytoskeleton-induced inhibition of large-scale phase separation can serve as
an explanation why micrometer-scale membrane domains are observed in giant plasma
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membrane vesicles [141], but not in cell membranes.
In addition, the observations presented here suggest that the established cryoprotective
role played by the cytoskeleton [142] may consist in delaying phase separation-induced
cold shock damage of living cells and thereby allowing the cell membrane to adopt to
rapid temperature changes.
Recently, qualitatively similar results were obtained using a mesoscopic continuum
model based on a phase-field approximation and studying how randomly distributed
pinning sites would affect the coarsening behavior [51].
As was discussed in section 4.8, when approaching the critical point, the order param-
eter susceptibility diverges. This means that in the region of near-critical fluctuations
the membrane is expected to be very sensitive to external perturbations, including the
interaction with the membrane skeleton. It is shown in figure 4.18 that in the vicin-
ity of the critical point the interaction with the membrane skeleton leads to immediate
condensation of the gel phase on the skeleton filaments, and formation of membrane
domains, in a good agreement with results of experiments on lipid bilayers interacting
with a reconstituted actin skeleton [5]. These domains dynamically change their shape,
but nevertheless stay pinned to the filaments. Notice that the effect of the filaments is
remarkably robust with respect to the filament pinning density. The author strongly
believes that these domains represent the minimal model of membrane rafts [8]. The
minimum character of this model stems from the fact that in the present scenario do-
main formation is thermodynamically driven, and does not require any active processes
like chemical cross-linking of membrane components or lipid recycling.
Moreover, the interaction with the membrane skeleton also strongly affects the charac-
ter of diffusion in the region of near-critical fluctuations. Figure 4.20 shows how increasing
the filament pinning density, and thus the interaction of the membrane with filaments,
leads to enhanced anomalous diffusion and eventually to hop-diffusion of lipid molecules.
In the presence of filaments, the faster diffusion process clearly corresponds to Brownian
motion within the compartments defined by the membrane skeleton, whereas the slower
diffusion is due to hopping between the compartments, and therefore it strongly depends
on the filament pinning density. Notice that gel phase condensation at the membrane
skeleton substantially increases the effective thickness of filaments and thus enhances
their influence on lipid diffusion.
Remarkably, in this case the present results for the mean-square displacement MSD(τ)
(figure 4.20 (a)) and effective time-dependent diffusion coefficient D(τ) (figure 4.20 (c))
are in good qualitative agreement with results of recent single-molecule tracking experi-
ments in cell membranes [143], which were interpreted in terms of a picket-fence model.
Furthermore the present MSD(τ) data also qualitatively agree with a theoretical model
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Figure 4.20. Effect of the membrane skeleton on diffusion of DMPC lipids in a DMPC/DSPC
20/80 membrane at 322 K. Mean-square displacement MSD(τ) (a), local exponent βMSD(τ) (b),
time-dependent diffusion coefficient D(τ) (c), and FCS autocorrelation G(τ)/G(0) (d). Panels (a) –
(c) top to bottom, and panel (d) left to right: filament pinning density equals 0% (free membrane),
25%, 50%, and 100%. Snapshots on the righthand-side show representative equilibrium membrane
configurations at the respective pinning densities (cf. figure 4.18).
for diffusion on an infinite periodic square meshwork of penetrable barriers [144], except
for in the present case the short-time motion of a molecule within a compartment is
subdiffusive due to near-critical fluctuations. It is emphasized here again that even a
relatively low pinning density of the cytoskeleton filaments leads to appearance of rather
strong barriers for diffusing lipids due to filament-induced local condensation of the gel
phase.
The simulations of STED FCS experiments with the experimentally achievable detec-
tion spot size [95, 145] presented in figure 4.20 (d) show that, while at early times all
FCS curves exhibit behavior characteristic of subdiffusion, interaction with the membrane
skeleton leads to appearance of a second slow diffusion component. The contribution of
this slow component increases with the filament pinning density. Clearly, as already dis-
cussed above, this component is related to the large-scale diffusion that involves crossing
the filament-induced barriers on the membrane. This two-component character of G(τ)
is in qualitative agreement with the recent STED FCS measurements of lipid diffusion in
cell membranes [145]. It would be very interesting to follow the dependence of the FCS
autocorrelation functions and the respective apparent diffusion coefficients on the spatial
scale that is being probed using the variable detection spot FCS technique [146, 147], as
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has been done in [145].
It is important to point out once again that in the present model the pinning sites
do not represent obstacles for diffusing lipids, and affect lipid diffusion only indirectly,
via the lower lipid mobility in the local gel-state environment (see section 3.2.3). If the
pinning sites would indeed be presented as immobile particles preferentially wetted by
gel-phase lipids, the effects of the membrane–filament interaction on diffusion of lipids
should, in principle, become even more pronounced.
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Outlook
5.1. STED-FCS on near-critical lipid membranes
It would be highly interesting to test whether the conclusions made in the present work
on the diffusion behavior of lipid molecules in a membrane exhibiting near-critical fluc-
tuations can be confirmed experimentally. One way to approach this issue would be
to carry out STED-FCS [95] measurements on appropriate lipid systems close to their
critical point. Using the STED technique allows for carrying out the experimental FCS
measurements at spatial scales corresponding to those achievable with the MC simulation
(focal radii of a few tens of nanometers).
5.1.1. Implementation of the STED technique
The STED technique, which was originally proposed by S. W. Hell [148], nowadays
is a widespread method which gained popularity especially in the recent years (see,
e.g., [145, 149–154]). Despite its popularity, so far there are no commercially available
STED microscopes that would provide the lateral resolution that can be achieved by
a home-built STED microscope properly set up. Moreover, the commercial solutions
available at present are extremely expensive.
The basic principle of the STED technique is to switch off the excitation of the
molecules in the outer parts of the detection volume by stimulated emission (figure 5.1).
The fluorescence is then only collected from a small spot in the center of the detection
volume and thus the lateral resolution of the fluorescence microscope is improved. In
order to achieve this, the excitation beam is overlayed with a depletion beam which has
a zero center intensity in the focal spot and a wavelength in the far-red region of the
emission spectrum of the dye. This is necessary to be able to select the appropriate
filters to block the light from the stimulated emission but still maintain a sufficiently
wide spectral range to detect fluorescence.
In comparison to setting up a standard confocal microscope, building a STED setup
requires considerably higher efforts. The setup has to allow for a very precise alignment
of the excitation and depletion beams in order to be able to overlay them with a very high
accuracy so that the centers of the beams coincide. For the efficiency of the stimulated
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Figure 5.1. Basic principle of STED: The excitation is depleted in the outer regions of the detec-
tion volume by overlaying a ring-shaped beam of the appropriate wavelength to induce stimulated
emission of fluorophores. The point-spread functions (xy- and xz-scans) are obtained by detecting
the intensity reflected from a gold bead scanned around the excitation volume.
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Figure 5.2. Schematics of the STED setup built for future measurements of STED-FCS on near-
critical lipid membranes. See text for description.
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emission process it is important to precisely control the polarization of the beams. The
use of high-quality optical components with λ/10 surface quality is essential to avoid
wavefront aberrations. This is especially important for the depletion beam in order to
achieve the desired symmetrical ring (or “doughnut”) shape in the focus.
In the present realization of the STED microscope built by the author (figure 5.2),
the ring shape is achieved by a phase plate in the beam path which introduces a helical
phase shift from 0 to 2pi [155]. A piezo-driven sample stage is used for image scanning.
The signal is detected by two avalanche photo diodes (APDs) using a 50/50 split fiber.
This allows for a higher bandwidth of signal when imaging and removes the afterpulsing
from the autocorrelation curves which are obtained by cross-correlating the signals from
the two APDs.
Since in the present implementation of the technique pulsed laser sources are used, it is
crucial to properly adjust the duration and timing of the excitation and depletion pulses.
The depletion pulse length should be at least the length of the excitation pulses and both
pulses should hit the sample at the same time. Any deviation from this condition would
lead to a reduced efficiency of the stimulated emission depletion because either molecules
in the outer parts of the detection volume would fluoresce before they are depleted or
get re-excited (and fluoresce) after the depletion pulse. In order to achieve the proper
pulse duration and timing, glass rods and a 120 m long glass fiber are introduced in the
beam path to stretch the depletion pulses, and an electronic delay unit is used to adjust
the relative timing of the excitation and depletion pulses when triggering the 635 diode
from the TiSa signal.
As a proof of principle, figure 5.3 (a, b) demonstrates that the STED microscope is
successfully set up and, compared to standard confocal imaging without STED, provides
the linear lateral resolution improved by a factor of 5–7 at depletion powers of ≈ 200 mW
before the objective. Apart from the abovementioned STED-FCS measurements on near-
critical lipid membranes, it would ultimately be of interest to carry out the measurements
when the membrane is additionally coupled to a network of filaments. In figure 5.3 (c, d)
images are shown of a network of actin filaments reconstituted on a supported lipid
bilayer10. The network is coupled to the lipid membrane by functionalized lipids that
bind to the actin filaments and insert into the membrane. This would be an appropriate
system to test the simulation results presented in section 4.10. So far, only intermediate
depletion powers could be used for imaging of such networks as they start to disintegrate
at higher powers. At this stage it is unclear whether this process is photo-induced
or simply inherent to the preparation procedure and just sped up by local heating of
the sample due to the near-infrared depletion laser. It should, however, be possible to
10In collaboration with Dr. Sven Vogel and Maria Strempel, Biophysics, BIOTEC, TU Dresden.
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(a) (b)
(c) (d)
Figure 5.3. Fluorescence images of fluorophore-filled 20 nm beads immobilized on a cover slide
(a, b) and a reconstituted actin filament network on a supported lipid bilayer (c, d) using confocal
laser scanning microscopy without (a, c) and with STED (b, d). The lateral resolution is improved
by a factor of 5–7 when using STED at high depletion powers (≈ 200 mW before the objective) (b).
In (d) only intermediate powers for the depletion laser could be used for STED imaging (≈ 70 mW
before the objective) since the filament network is disintegrating at higher powers. Images sizes
5× 5 µm2 (a, b) and 25× 25 µm2 (c, d).
stabilize the reconstituted network by accordingly adjusting the preparation procedure
and thus to allow measurements at full depletion powers.
5.1.2. Near-critical lipid membranes for optical microscopy experiments
Regarding the measurements on experimental model membranes exhibiting near-critical
fluctuations one has to find an appropriate lipid mixture. The DMPC/DSPC system was
a good choice for the MC simulation due to the fact that several properties of this mix-
tures (mostly, however, the empirical phase diagram) had been studied experimentally
before and a few small-scale MC simulation studies had been published as well. From
the experimental point of view, however, the critical point found in the present work is
at a temperature too high for STED-FCS measurements, because the standard high-NA
objectives are not supposed to be heated to a temperature as high as 50◦C.
Nevertheless, the finding from the MC simulation that (near-)critical fluctuations
can lead to anomalous diffusion of molecules should be of fundamental nature and
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temperature
Figure 5.4. Comparison of membrane phase configurations of lipid membranes at the critical
composition for a range of temperatures around the critical temperature obtained in MC simu-
lations (DMPC/DSPC 20/80) (upper row) and in wide field fluorescence microscopy on GUVs
(DPPC/DiPhyPC/Chol 30/30/45) (lower row). The fluorescence images show the upper pole of
GUVs. Note that due to the large-scale phase separation below the critical temperature, only parts
of the domain boundaries are visible in the respective images.
can thus be tested in any system exhibiting critical behavior. Therefore, one needs
to find an appropriate lipid mixture with a critical point closer to the room temperature.
In [120] the DPPC/DiPhyPC/Chol system is reported to have a critical composition at
a 20/25/55 mixture. In the present work the critical composition was found to be closer
to 27.5/27.5/45 with a critical temperature around 30◦C.11
As is exemplified in figure 5.4, the DPPC/DiPhyPC/Chol model membrane shows the
behavior similar to that of the two-component mixtures from the MC simulations. At
the critical composition, upon heating from the phase-coexistence region, the line tension
is reduced and eventually the system exhibits (near-)critical fluctuations. Away from the
critical composition, in agreement with what is observed in the simulation, the phase
transition is abrupt (data not shown).
One could therefore use this system to perform STED-FCS measurements. Note that
in STED, to achieve the full resolution potential, one is restricted to measuring at a
distance of some 5 µm above the cover glass. Unfortunately, this rules out the use of
GUVs for the FCS measurements on near-critical membranes, since it would be required
to measure at the upper pole of the GUVs in order to have a freestanding membrane (i.e.
not interacting with a support) with a reasonably large area parallel to the cover glass
surface (this corresponds to the situation in figure 5.4).
11In collaboration with Cornelius Sicker during his diploma thesis at the Biophysics group, BIOTEC,
TU Dresden.
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An alternative approach to overcome this issue would be to use membranes supported
on a substrate with reasonably large apertures and very close to the cover glass and to
carry out the STED-FCS measurements on the free-standing membrane parts suspended
over the apertures [156].
5.2. Upscaling of simulation spatial scales and time intervals
In the present work, the simulations are carried out on a state of the art workstation
without any degree of parallelization, i.e. in a very basic straightforward way. The only
approach to parallelization used here, is to run several simulations at the same time on
the multi-core CPU of the PC.
On the other hand, the model of the square lattice with only next-neighbor interaction
quite naturally offers the possibility of parallelization by the checkerboard decompo-
sition [85, 86] and with the recent advances in GPU- and multi-GPU based parallel
computations [85, 157] one even could continue to carry out the simulations on standard
workstations with a (few) high-end graphics card(s).
This approach might allow for significantly upscaling the spatial scales and time in-
tervals of the simulation. By that one might be able to simulate membrane areas cor-
responding to those of, e.g., a complete GUV. This would for example make it possible
to test the important simulation results on the diffusion behavior of lipid molecules in
near-critical lipid membranes by standard microscopy experiments, i.e. without the need
for a superresolution method.
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Conclusions
In the present work properties of lipid membranes have been successfully addressed on
the experimentally relevant spatial scales of the order of 1 µm and time ranges of the
order of 1 s via lattice-based MC simulations with relatively low computational efforts
using a standard state of the art workstation. The very simple, easy-to-implement model
of the lipid membrane as a square lattice of lipid molecules with next neighbor interaction
reproduces the empirical phase diagram of the DMPC/DSPC lipid mixture, used as a
generic model, provided that next-neighbor interaction parameters are properly adjusted.
The large-scale simulation provided a mean to better understand the details of the
dynamics of phase and component separation, and by this means to obtain a number of
important results previously not reported in lipid membrane studies in general, or for
the DMPC/DSPC lipid mixture in particular.
It was found that upon cooling the membrane from the all-fluid state into the phase
coexistence region of the phase diagram the phase separation takes place either abruptly
or via near-critical fluctuations depending on the lipid mixing ratio. A thorough study of
the phase diagram via structure function analysis produced the complete combined state
and component phase diagram of the system and allowed for precise determination of the
position of the critical point. For a range of compositions the resulting phase diagram
differs significantly from the one obtained from excess heat capacity curves using the
empirical tangent method. This leads to the important conclusion that, generally, using
the empirical tangent method to construct the phase diagram one does not necessarily
obtain the real complete phase diagram.
An alternative approach to constructing the binodals of the phase diagram from the
analysis of the lipid composition of gel and fluid phases was found to work with a very
good accuracy, if the transient domains which cannot be counted as equilibrium phases
are excluded from the analysis.
In the gel–fluid phase coexistence region, macroscopic phase separation takes place, and
after full equilibration of the membrane, a single domain of the minority phase emerges.
An analysis of the domain coarsening dynamics after an abrupt temperature quench into
the coexistence region revealed that the domain growth law may depend on the lipid
composition and temperature, which reflects a complex interplay between gel–fluid phase
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separation and lateral lipid demixing. It was found that the domain growth exponent
varies from 1/4 to 1/3, which is in a qualitative agreement with experimental data for
lipid bilayers, for which a range of growth exponents has been reported as well [112–
114]. Furthermore, the dynamic scaling of the radial autocorrelation function of the
spatial distribution of the lipid state over the membrane during the domain coarsening
is observed only when the gel–fluid ratio of the membrane stays constant in time, which
as well shows the importance of lipid diffusion in the domain coarsening dynamics.
The line tension between the fluid and gel phases was obtained from analysis of the
thermally-induced domain shape fluctuations. It was found that in the gel–fluid coexis-
tence region, away from the critical point, the line tension is ≈ 2 pN, in good agreement
with the available literature data on line tension in lipid membranes [91, 92, 96, 112, 120–
122, 125].
When approaching the critical point, the line tension, the inverse correlation length
and the inverse susceptibility approach zero, in agreement with experimental observa-
tions in giant unilamellar vesicles of ternary lipid mixtures and giant plasma membrane
vesicles [103, 120] as well as with preliminary experimental results obtained in the present
work using a similar lipid mixture as used in [120]. While the system by its general prop-
erties can be expected to be in the Ising universality class, the Ising values are only
readily recovered for the critical exponents µ and ν. For the exponent γ the issue is more
subtle and one has to take into account the temperature dependence of the gel and fluid
fractions of the membrane above the critical point. When carrying out the analysis for
the gel lipids in the membrane, also the value for γ corresponds to the one expected for
the Ising universality class.
By studying the diffusion properties of lipid molecules in the MC simulation it was
found that near-critical fluctuations in the membrane can lead to transient anomalous
subdiffusion spanning several orders of magnitude in time. This is a very interesting
phenomenon that has not been reported before, neither in general nor specifically in the
context of diffusion in the lipid membrane. The result may play an important role in
understanding the origins of anomalous diffusion in cell membranes as there is strong
experimental evidence that cell membranes are situated close to a critical point [103].
In principle, it should be possible to verify these results experimentally by carrying out,
e.g., STED-FCS measurements on lipid membranes exhibiting near-critical fluctuations.
In order to study the effect of criticality on diffusion in the cell membrane in a more
realistic model, the interaction of the membrane with the underneath cytoskeleton was
included in the MC simulation. The interaction of the cytoskeleton with the near-critical
membrane leads to local phase separation and formation of dynamic domains with a size
of a few tens of nanometers, which conform to the current definition of membrane rafts [8].
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It was found that depending on the membrane–cytoskeleton interaction strength, the
anomalous diffusion character is enhanced, and eventually hop-diffusion of lipids is ob-
served, which as well is in a good agreement with what was observed experimentally [18].
In the gel–fluid phase coexistence region of the phase diagram the cytoskeleton in-
teracting with the membrane strongly inhibits large-scale phase separation which can
serve as an explanation why the cytoskeleton plays a significant role in the cold shock
resistance of organisms [142].
Therefore, in this work the concepts of lipid rafts [2] and cytoskeleton-related picket
fence [18], which are frequently discussed as the alternative viewpoints on the origin of
anomalous diffusion in cell membranes, are brought together. From the results of the
present work it can be concluded that those two concepts do not contradict one another,
but rather work in synergy, resulting in formation of cytoskeleton-induced dynamic lipid
domains in the near-critical membrane. By this means, a minimum raft model is es-
tablished, since the domain formation is driven solely by thermodynamics and does not
require either chemical cross-linking of membrane components, or lipid recycling.
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Appendix: The Monte Carlo simulation results are stable
with respect to parameter perturbation
In order to confirm that the important results obtained in the present work on the critical
behavior of DMPC/DSPC membranes are not merely an artifact due to the particular set
of parameters wmnij that was chosen, in this section it will be demonstrated that the main
features of the phase diagram obtained in the MC simulations are stable with respect
to a specific choice of the lipid interaction parameters. In particular, the presence of
the critical point in the phase diagram is not affected by reasonable perturbations of the
interaction parameters.
A straightforward approach to this issue would involve a systematic study of the phase
diagram in full detail for a number of differently perturbed sets of the interaction param-
eters, i.e. determining binodals, spinodals and lipid demixing curves, as well as checking
the presence of near-critical fluctuations and determining the position of the critical
point. This approach, however, would involve immense computational efforts. On the
other hand, it is reasonable to assume that it is enough to test whether certain properties
of the system are stable when varying the set of parameters wmnij .
As it was discussed in section 4.4, away from the critical point, the phase transition
takes place in an abrupt manner, whereas in the vicinity of the critical point, the ap-
proach to the phase transition proceeds via near-critical fluctuations (see figure 4.7).
Therefore, to study the stability of phase diagram with respect to perturbation of the set
of interaction parameters on the qualitative level it should be enough to check whether
the phase transition takes place abruptly or via near-critical fluctuations, for respective
membrane compositions, independent of reasonable perturbations of the lipid interaction
parameters. One should generally expect that if the presence of the critical point is sta-
ble with respect to reasonable perturbations of the wmnij , the membrane composition and
temperature characterizing the critical point should not change much, and a behavior
similar to the one depicted in figure 4.7 for each of the lipid compositions should also be
observed with the perturbed interaction parameters.
As discussed in section 3.2, the adequate description of the experimental heat capacity
data by the MC model requires to determine the lipid interactions parameters wmnij with
the accuracy of a few percent. Therefore, it seems reasonable to carry out the stability
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Figure A.1. Equilibrium membrane configurations for three lipid compositions DMPC/DSPC
80/20, 50/50, and 20/80 obtained with the unperturbed set of lipid interaction parameters W,
four different perturbed sets of lipid interaction parameters W + ∆(k), k = 1, 2, 3, 4, and the
alternative set of parameters W′ (see text). The results are presented for the set of temperatures
Tt + ∆T , ∆T = −3,−2,−1,−0.5,+0.5,+1,+2,+3 K for the respective compositions. Transition
temperatures for DMPC/DSPC 80/20, 50/50, and 20/80 are Tt = 309.7, 318.7, and 320.5 K,
respectively. See text for details. Lattice size: 400× 400; scale bar: 150 lattice units ≈ 120 nm.
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analysis by introducing 10% perturbations to the parameters wmnij .
To simplify the notation, the parameters wmnij shall be presented here by a single vector
W = {wGF11 , wGF22 , wGG12 , wFF12 , wGF12 , wGF21 }. Then results of simulations for the unperturbed
parameter set W should be compared with the results obtained for several perturbed
parameter sets W+∆(k). The components of the perturbation vector ∆(k) were defined
as follows: ∆(k)i = δζ
(k)
i Wi, where ζ(k) is a (random) vector whose components take
values ±1, and δ = 0.1 is the relative perturbation level.
Simulations were carried out for three lipid compositions DMPC/DPSC 80/20, 50/50,
and 20/80 using four different perturbation vectors ∆(k), k = 1, 2, 3, 4, characterized
by the following ζ(k): ζ(1) = {+1,−1,+1,−1,−1,+1}, ζ(2) = {+1,−1,−1,−1,+1,+1},
ζ(3) = {−1,+1,−1,+1,+1,−1}, and ζ(4) = {−1,+1,+1,+1,−1,−1}. For each of those
∆(k), equilibrium membrane configurations were obtained for a set of temperatures rel-
ative to the phase transition temperatures (obtained with the unperturbed set W) for
the respective compositions Tt + ∆T , ∆T = −3,−2,−1,−0.5,+0.5,+1,+2,+3 K.
As it is clear from figure A.1, although the 10% perturbations in the interaction pa-
rameters can shift the phase transition temperature up or down by up to 2 K and
slightly change the relative amount of the fluid and gel phases, the character of the tran-
sitions at these three lipid compositions remains essentially the same. Namely, while
for DMPC/DSPC 80/20 and 50/50 the transition remains abrupt, the near-critical fluc-
tuations accompanying the phase transition for DMPC/DSPC 20/80, irrespectively of
perturbation of the parameters, indicate that the phase diagram and its critical point are
stable with respect to the reasonable perturbations of the lipid interaction parameters.
Varying the single-lipid interaction parameters (within reasonable limits) strongly af-
fects the width of the C(T ) peak for single lipids; in particular, choosing these parameters
lower than the optimum will lead to broadening of the single-lipid C(T ) peaks. On the
other hand, even with a non-optimal choice on single-lipid interaction parameters, the rest
of the parameter set can be chosen so that C(T ) profiles for mixtures of DMPC/DSPC
within the range 10/90 to 90/10 are well reproduced, which allows one to reproduce well
the main features of the empirical phase diagram.
After the results discussed in the present work had been obtained, a thorough re-
analysis of the choice of parameters lead to the conclusion that the original choice
of singe-lipid interaction parameters was sub-optimal, which lead to broadening of
single-lipid C(T ) peaks in the MC simulations. Nevertheless, as mentioned above,
this set of parameters very well reproduces the phase diagram for membrane compo-
sitions ranging from 10/90 to 90/10. Adjusting the single-lipid interaction parameters
to reproduce the experimentally observed widths of C(T ) peaks of single lipids along
with readjustment of the two-lipid interaction parameters has resulted in the follow-
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Figure A.2. Transient anomalous diffusion of DMPC lipids in a DMPC/DSPC membrane close to
the critical point for two different sets of lipid interaction parameters. Mean square displacement
MSD(τ) (a, d), local exponent d logMSD(τ)/d log τ (b, e), and FCS autocorrelation G(τ)/G(0) (c, f)
for the two sets W (a–c) and W′ (d–f) of lipid interaction parameters (see text). Red curves show
results of simulations carried out at DMPC/DSPC 20/80, T = 321 K (a-c) and DMPC/DSPC
15/85, T = 323 K (d-f) – the temperatures and compositions close to the critical point for the
respective parameter sets. Grey curves show results of simulations carried out at the same respective
membrane compositions but at T = 328 K, away from the critical point. FCS results (c, f) are
shown along with fits using the FCS diffusion model (3.16) (— — —) – for DMPC/DSPC 20/80
(c) this yields β = 1.01 for T = 328 K and β = 0.86 for T = 321 K; for DMPC/DSPC 15/85 (f)
β = 1.02 for T = 328 K and β = 0.84 for T = 323 K. For comparison, fits with the fixed β = 1.0 are
shown for DMPC/DSPC 20/80, T = 321 K (c) and DMPC/DSPC 15/85, T = 323 K (f)(· · · · · ·).
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ing set of lipid interaction parameters W′ = {w′GF11 , w′GF22 , w′GG12 , w′FF12 , w′GF12 , w′GF21 } =
{2030, 2211, 1356, 435, 3174, 3002} J mol−1.
It turns out that this choice of interaction parameters provides additionally excellent
description of the empirical phase diagram also outside the range 10/90 to 90/10 (data
not shown). On the other hand, the characteristic behavior of the system is not changed
if the parameter set W′ is used instead of W. Similar to what is observed with the
parameter set W, the use of the parameter set W′ leads to the near-critical fluctuations
in the upper right part of the phase diagram and quasi-abrupt phase transitions elsewhere.
This is demonstrated in figure A.1, where the rightmost columns show the temperature
behavior of the membrane simulated using the parameter set W′. While not affecting
the qualitative picture, changing the lipid interaction parameter set from W to W′ does
lead to certain quantitative changes: in particular, if the parameter set W′ is used, the
critical point is shifted closer to the lipid composition DMPC/DSPC 15/85 with the
critical temperature close to 322.5 K.
Since the result presented in section 4.9 – near-critical fluctuations can lead to transient
anomalous subdiffusion of lipid molecules in a membrane – might be of a high biological
relevance, it should be tested here, whether the same qualitative behavior can be obtained
with the alternative set of parameters W′. That is, to exclude the possibility that the
results from section 4.9 are merely an artifact of a slightly mistuned set of parameters.
As already discussed above, when changing the parameter set from W to W′ the near-
critical behavior in the membrane is preserved with the critical point slightly shifted in
the phase diagram. It was therefore studied whether the diffusion of DMPC molecules
in a DMPC/DSPC 15/85 mixture at T = 323 K (very close to the critical point) and
T = 328 K (away from the critical point) shows the same behavior as the one described
in section 4.9. The MSD curves in figure A.2(a, d) along with the plots of their local
exponents d logMSD(τ)/d log τ (figure A.2(b, e)) clearly show that the qualitative be-
havior is very similar for the two parameter sets. Namely, that near-critical fluctuations
in the membrane can lead to transient anomalous subdiffusion that extends over several
orders of magnitude in time while away from the critical point, diffusion is normal.
This is also reflected by the FCS autocorrelation curves presented in figure A.2(c, f): in
agreement with the MSD data, at high temperatures, away from criticality, the diffusion is
normal. When the system is approaches criticality the appearance of transient anomalous
diffusion behavior dominates the presented FCS curves, which can only be successfully
described using the model for anomalous diffusion. In particular, fits using equation
(3.16) result in β = 0.86 (figure A.2(c), DMPC/DSPC 20/80, T = 321 K, parameter set
W) and β = 0.84 (figure A.2(f), DMPC/DSPC 15/85, T = 323 K, parameter set W′).
In summary, while the choice of parameters used in the present work might not have
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been absolutely optimal, the quantitative results obtained and conclusions made in this
study are not affected.
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List of abbreviations
AFM atomic force microscopy
APD avalanche photo diode
Chol Cholesterol
DiPhyPC 1,2-diphytanoyl-sn-glycero-3-phosphocholine
DMPC 1,2-dimyristoyl-sn-glycero-3-phosphocholine
DPPC 1,2-dipalmitoyl-sn-glycero-3-phosphocholine
(N-Rhod-)DPPE 1,2-dipalmitoyl-sn-glycero-3-phospho-
ethanolamine-N-(lissamine rhodamine B sulfonyl)
DSPC 1,2-distearoyl-sn-glycero-3-phosphocholine
DSC differential scanning calorimetry
FCS fluorescence correlation spectroscopy
GUV giant unilamellar vesicle
ITO indium tin oxide
LUV large unilamellar vesicle
MC Monte Carlo
MLV multilamellar vesicle
MSD mean-square displacement
OZ Ornstein-Zernike
SLB supported lipid bilayer
STED stimulated emission depletion
SUV small unilamellar vesicle
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